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Quantum Mechanics of Circularly Polarized Photons. 
II. Application to the normal Zeeman effect. 


By Gentaro ARAKU. 
(Received August 15, 1946) 


6. Interaction of atom or molecule with photons.“ 


The atom or the molecule is a system which consists of electrons and 
a nucleus or nuclei. It is generally assumed that the nucleus consists of 
protons and neutrons and the wave functions of these nuclear particles 
satisfy the Dirac equation We denote the Dirac matrices of the #-th 
particle by pf, op, po and o™, 

The interaction of this system of elementary particles (atom or mole- 
cule) with photons is given by 


{f= Yenera™ A(ar,)— Veta)? epi a? aAcry), (6-1) 


where ¢ is an elementary positive charge, and A is the vector potential 
of photons given by (2-4). The former sum is to be extended over 
electrons, and the latter over nuclear particles. (tir) is a projection operator 
to the proton state, regarding »’-th particle. 

The wave function of this system of elementary particles can be re- 
presented by a series of products of one-particle functions. We assume the 


Dirac equation of these one-particle functions as follows ; 
(teh Pap, +mcp.4+ U—me—E)\g=0, (6-2) 


where mw is the mass of the considered particle, (@ is a point function, and 
FE is an energy parameter excluding a rest energy. We consider p,, Pe, fi: 
and @ as operators for the sake of simplicity. The eigenvalues of gs arc 
+1 and —1. We denote two normalized eigenoperands of this operator 
corresponding to these two eigenvalues by y* and y~ respectively. The 
one-particle function, ¢, can be represented by a linear combination of them : 


* Sections 1-5 are contained in Part I of this paper (Progr. Theor. Phys. § (1948), 125). 


as 
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$= Peter. gal 


The equation (6-2) breaks up then into two simultaneous equations for ¢4 


and gf : 
Per = we FL ae 
ichpog +(U = £)yg*=V | ti 
—1chPay* — (Qace+E—-U)e =0 | 
From the latter we have 
g-=— ie tha Vi* (6-9) 
Qiitc 
where 
L s 
= —— (6 - 6) 
; E—U 
[+ iat 
Qe 


We now assume that the one-particle wave tunction is semi-relativistic 
In this approximation, we can adopt ¢/* as the one-particle function and 
put #=1. The matrix-elements of the interaction (0-1) are represented by 
a sum of matrix-elements of an interaction of one particle with photons. 
We can reduce the matrix-elements of this one-particle interaction using 
the equation (6+5). Owing to the Hermitian property of zoF and the 


solenoidal property of A, this reduction is carried out as follows: 
(Pas Ah) =(bt, eo Ads )+(¢7, eoAgt) 


=—72 


# (ye, Avgt)+ 2 Wt, orotAgt) (6-7) 


3 
where 
H" =¢p,aA (a) (6 - 8) 


is the one-particle interaction. The semi-relativistic approximation of the 


one-particle interaction is therefore given by 


ch 


ME 


(—iAp+SrotA), (6-9) 


where § is the spin operator of the considered particle. This expression 
is some what different from the ordinarily adopted one in a non-relativistic 
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approximation. The latter term is replaced by A’e’/(2m) in the ordinary 


expression, 


The mass of the nuclear particle is very large compared with that of 
the electron. The latter sum of (6-1) is therefore neglegible compared 
with the former in this case. The semi-relativistic interaction of an atom 
or a molecule with photons is thus reduced to 


H' =2p5' ~iA (9, P48 rot A (a,)|. (6 - 10) 
i 
where # is the Bohr magneton and-:the summation is to be extended over 
all the electrons in the atom or the molecule. 
From (2-4), (3-4), (8-18) and (6-10) we have 


7 - 


H!'= y i(k) a(t) + Hy (B) a (ie) +its adjoint, for a linear polarization 


whofe & 


= yi (a(R) + A, (ke) a, (As) + its adjoint, for a circular polarization 


Whole & (6 : 11) 
where 

ba tastes On q (e*tn ie rN > Cia) (n) [Jo hs aa 12 

H,(hs)=2 pric 5/27 Se Herren Ts e(k]} (6-12) 


5 Oe ae a, 
and @, denotes a polarization vector according to the following equations : 


€;=@, € for a linear polarization (G=1;2), (6 - 13) 


€,=e,=e', €,=e,=e" for circular polarization (j=, r), 


e* being defined by (3-17). 


7. The normal Zeeman effect. 


Consider a system which consists of an atom and photons. Let 4 be 
a state of the system in which the atom is in a state @ and there is no 
photon, and # be another state in which the atom is in a state 6 and there 


(1) W. Ifeitler, Quantum theory of radiation (1936). 
G. Wentzel, Geiger-Scheel’s Handb. der Phys., 24/1 (1933), 740. 
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is a A-photon. The probability for the transition per unit time of the 
system from the state A to the state B in which & is in a differential 


solid angle @@ is given by” 


Vi gdY (7-1) 
OP 
where 27v is equal to w, and #w is equal to the difference between energies 
of the atom in the states a and 4, 
From (7-1), (6-11) and (6-12) we have the energy radiated in the 
direction of & per unit solid angle per sec as follows: 


ho | 5 p= |(4,, Yortnier +S [ke] g4)| (7-2) 
Ome c 

where ¢, and g are eigenfunctions of the atom in the states @ and 6 
respectively, and e is the polarization vector given by (6-43). The emitted 
photon is linearly polarized in case of e=e,(A') or e,(A), right-circularly 
polarized in case of e=et(k), and left-circularly polarized in case of 
e=e (hk). 

In ease of a dipole radiation, the exponential function in (7-2) can 
be omitted and the latter term in the brace of (7-2) can be neglected. 
As is well known™, the eigenfunctions of the atom satisfy the following 
equation : 


(Y>, wre a) = 


where m is the mass of the electron, and £, and £, are energies of the 
atom in the states a and 4 respectively. The energy of light radiated from 


the atom in the direction of & per unit solid angle per sec is thus reduced 
to 


(4,-E)( do, ) W5$'2) (7-3) 


y} a # 
2 ig, eye te 
where 


P= ews wi : J) 


(2) W. Pauli, Geiger-Scheel’s Handbuch der Phys., 24/1 (1933), 15s. 
(3) H, Bethe, ibid. 429, 
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is the dipole moment of the atom. The selection rule is given by the 
condition of non vanishing of the matrix element, (9, ePy,), of the transi- 
tion. 

We now assume that the atom is in a (strong) statical magnetic fleld, 
and that the states a and 6 belong to a singlet (or the levels suffer the 
Paschen-Back effect). In this case » is given by“ 

ylty + Ci py war od 
A 
where % is the corresponding frequency in case of vanishing field, Ay is 
the intensity of the maghetic field, and Jd/, is the increment of the orbital! 
magnetic quantum number, 47,, of the atom after the transition against that 
before transition. 

When we observe the spectrum from the positive direction of the 
magnetic field towards its negative direction, i. ¢., when A is parallel to 
the field, let the direction of the s—axis of the right-hand system be parallel 
to the field. The intensity of the right-circularly polarized light emitted 
from the atom is then given by (7-4) substituting P,+7P, for ¥2 eP in it, 
and that of the left-circularly polarized light is given by substituting P,—7zP,. 
The matrix element™ of the former operator does not vanish only when 
4M, is equal to +1, and that of the latter does not vanish only when 
4M, is equal to —1. In the former case the frequency of the emitted light 
is equal to %— pihy/h and in the latter case it is equal to 4+ 4A,,/%. 
There is no other component, because the intensity is zero when 4/7, is 
not equal to +1. In other words, the component with the. increased 
frequency is left-circularly polarized light and that with the decreased 
frequency is right-cireularly polarized light. This is in complete agreement 
with the well known experimental fact. 


Department of Industrial’ Chemistry, 
Kyoto Imperial University. 


(4) E. U. Condon and G. HEL. Shortley, Theory of Atormme Spectra, (1930) p. 378. 

(5) Ibid. 
B. L. Van der Waerden, Gruppentheoretische Methode in der Quantenmechanik, (1932) 
p- 74. 


Oy 
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On the Effect of the Field Reactions on the Interaction 
of Mesotrons and Nuclear Particles. III.* 


By Shin-ichiro TomonaGa. 
(Received July 8, 1948) 


§3. Treatment by Ritz’s procedure.) °- 


In the foregoing two paragraphs we have dealt with the case of 
strong coupling. The physically interesting case will be, however, of the 
intermediate coupling where neither perturbation theory nor method of 
Wentzel converges, It is known that in such a case Ritz’s procedure often 
affords a powerfull mean for obtaining an approximate solution. In this 
paragraph we shall show how this method can be applied to our problem 
and what are the results thus obtained. 

Since the method of Ritz has been applied only to the problems 
concerning atoms and molecules and never to the field theory, it is desirable 
first to bring the latter theory into a form in which more close analogy 
with the former is obtained. It is thus more convenient to use the formalism 
in the configuration space for mesotrons, the formalism which emphasizes 
their particle aspect, than to use the ordinary formalism of quantized waves 
based on the wave picture.of the mesotrons. The equivalence of these two 
formalisms is a well established fact and the transition fromm one formalism 
to the other is always possible. 

A :-—Schrédinger equation. 

Our system has the Hamiltonian of the form: 


ie | Ki a*(fa(t)+s*()4 (dt 
-— { 1(2)| {a(@)—0(0)} (t, +it,\ + {a*(F—4(f)} (ni) [at 
(3-1) 


§1, §2 are contained in Part I and Part Ji of this paper (Progr. Theor. Phys. 1 (1946), 83, 109). 
(6) T. Miyazima, T..Tati and S. Tomonaga: to be published soon. 
(7) S. Tomonaga: Se. pap. LP.C.R., 39 (1941), 247. 
(8) T. Miyazima and S. Tomonaga: Sc. pap. 1.P.C.R., 40 (1942), 21. 
(9) S. Kanesawa, H. Jen and S. Tomonaga: Bull. LP.C.R., in press, 
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What will be the Schrédinger equation for the eigen-value problem 
(H—K,) @=0, (3 +2) 


when we use the formalism in the confixuration space? In the ordinary 
quantum mechanics of particles the Schrédinger function @ is a function 
of their coordinates 9,, g2,...yy, VV being their total number, Corresponding 
to this, we must regard @ as a function of the coordinates of the mesotrons. 
In our case, however, the position coordinates can not be used, because in 
our Case a relativistic treatment is necessary in which position of a particle 
is not a properly defined quantity.* We use thus the momenta f, fs, f,-.- 
of the particles 1, 2, 3,...as the quantities specifying the states of the particles. 
Further, it must be accounted for that the number of the particles is not de- 
termined in our problem. Thus the number /V of the particle itself must be 
regarded as an argument in the Schrédinger function @. 

Under this circumstance we represent, following Fock,” the Schré- 
dinger function @ by a set of Schrédinger functions each corresponding to 
the state of no particles, of one particle, of two particles,.... In order to 
simplify the problem we shall first deal with the state in which the charge 
of the system is +1 (i.e. the proton state of the system or the state of 
m= +1/2 if we introduce the charge quantum number #). In such a state 
the set of Schrédinger functions can be arranged in the form: 


Po 

(fF) 

g2 (fi ; fF) 

¢s(tt, fF; ff) 
g(t, & ; ff, f) 


P= 


The physical meaning of these functions are as follows: The absolute 
square |g¢o,.(ff, f7,...ff 5 ff, fr »ofz)P of the 27-th function gives the proba- 
bility for that there exist ” positive mesotrons with the momenta ft, ft,... 
f? respectively and ~ negative mesotrons with the momenta f;, f&,..-f7, 
while the nuclear particle is in the proton state. Further, the absolute 


* See, for instance, Pauli’s article in Handbuch d. Physik XIV/1, 260. 
(10) V. Fock: Z. phys., 75 (1932), 622. 
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of the 27+ 1-th function gives the 


square | Poner (fi, fF pnts tahtssr te ° 
sd ae ae for that there exist #+1 positive mesotrons with the momenta 


Lie ..f5.. respectively and # mesotrons with the momenta f,, fy,---f2 
spasetirell while the nuclear particle is in the neutron state. As stated 
above, our function (3-3) represents the state with m=t/2. This  restric- 


tion will be removed Jater. 
When the function @ is put in the form of (3-35), the Schrédinger 


equation (3-2) is a system of integral equations for Gu. $1, Gey-+ - Accord- 


ing to Fock, this system of equations is expressed iu the form : 


Kes —1{ h(t) g(ktatt 
(KEN A(t = —La (hh) go | escti Fae dty | 


(Ki — Ki —K7) ga (5 BF =l 4a (kr) (EF) ¥2 | me beet ae tygihs ttt 
(Ay— KYA, = 7S) (Gt Gs ff) 


Lo. ; 
=—‘95 YrDedte sb 172 | ett. frit, fates fe 


———— 


(K,— Kt} —K, — KS — kK, ett, tf: fF, tr) 


a lL ¢ i } : 
= pe ett, ff. tf )—y3 {4 GENE Maras tu (atyatt! 


Cee mer Mra eee ree toe oeerenaveses 


(3 + 4) 
P ie 
Phe symbol S$} in (3-4) means the operation of summing up the » fune- 
tions obtained by interchanging cyclically the ” variables for the positive 


particles in the function standing behind this symbol, thus for instance : 


ati, bi th, Jat, tt: th, tr.) 


+S iielhict), toed teat te ete tee 


The sy SESS i i 
e symbol >) is the corresponding operation on the variables for the 


n 
negative particles. 
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B :—Hartree approximation. 

When we set up the equation in the form of (3-4), we are suggested 
to solve our problem by means of Ritz’s procedure when neither the ex- 
pantion in poweres of ¢ nor /™ converges. Our problem is, namely, a kind 
of many body problem which will be solved by means of the Hartree method. 

By Hartree approximation is meant that one obtains an approximate 
solution by putting the wave functions 9(ff, f&,...3 ff, f&,...) and (fF, f,... ; 
fv, f,..-) in products of functions each containing only one variable : 


o(th EF.3 fy fy.) =eonst AACE). (tT eas} (3-5) 
Oth, Hs fey Be econst AEA). ADL) 


and determining the factors 7,(£), #(f) and the constants involved in (3 - 5) 
so that the product functions satisfy the equation (3-4) as approximately as 
possible. 

The problem is, however, still too complicated if one will find the 
most approximate 7,(f) and #(f) among all possible functions. So, we will 
simplify the problem in such a way that we look for the most approximate 
FAf) and #(f) among functions of the form 


ae) 
1st) = geet - 
4) 9) ; 
FiD= 5 


where « and # are considered as variation parameters. Whether the true 
wave functions can be approximated well by this form can only be decided 
by results, but that this will give a good approximation can be expected 
by the following fact : 

Suppose an imaginary problem in which only neutral longitudinal 
mesotrons interact with the nuclear particle. The Hamiltonian function for 
this problem is then 

y= | xer(t c(t) ita | g() {e(t)+ “(| dt. (3-7) 
Since this Hamiltonian has the form of (2-31), it is obvious that this 
problem is accurately solved by means of the displacement of origin for the 
amplitudes ¢ and c*: 
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5D, min=r—-ae HDB) 


é(H=c(f)— yk yi K 


Now, suppose that the Schriédinger equation (4—A,)9=9 for this 
problem is written down according to the formalism in the configuration 
space. In this formalism the probability amplitude @ is represented by a 
set of functions %, 7, (t), 72(&, f),..- and the Schrédinger equation is the 
system of integral equations of the form similar with (3-4): 


Ky%= — 5 \ 1(£)9 (A) at, 


— Kia ltd= — Hp {9(6) 0 VE | alt, tatenaty 
(Ki KK) yah t) 
= —95 75 9 edt) + y3 j As(fi, fo, f)9(As) TEs 
(Ky K,—Ky— Ka) alt ty b) 
=a tye aut, +E] alts b b Woda 


i 


(3-9) 
This simultaneous integral equations must be solved accurately because the 


problem can be solved, as mentioned above, by means of the method of 
quantized amplitudes. In fact, it can be verified easily that 


An (Es | er t,) = ( +5) Vat 7) Vat Oo... 9 (Fa) a4 g (4) < 


K, kK, 
Sie 1 th 


(3 - 10) 
satisfy (3-9) accurately. 


__ One sees that in this problem the solution has really the form of 
(3-5), the factor being given by 


— 9%) 
Ie a 


The results (1-22) obtained classically in §1 show, moreover, that in case 
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of charged mesotron the function 9(4)/(K—w) and 7(h)/(K+ w) appear re- 
spectively for positive and negative mesotrons in the place where the func- 
tion g(£)/K appears for the neutral mesotrons. It seems thus natural to 
assume the functions of the form (3-6) in our problem of charged mesotrons. 

In this way our problem is to determine the unknown parameters Coo» 
Ci Ciays++ and «@ and f so that the set of Schrédinger functions 


iy eed (es) te eg (4) 
on UE ’ Adi Pag x ae ts; . 54 qi © 2b eee Cr [ieee i 
ah Ke} 2 A=1 Ky —¢ var, —£ 
> ite ae " OP UGS 
Mg ty Sana he, Birpeatles = 5s Leste 9(h,) 
Ponti (fi , say + ( Kn" ls Sg en Keo et K7—p 
(3-11) 
satisfy the equation (3-4) as accurately as possible. We have introduced 
here the abreviations 


tnd fey NTE 89 


We shall use often the abreviations 


which have each the dimention of energy (or of 1/length). 

As is well known, we have to determine c, @ and # so as to make 
the expectation value of H formed by the wave function under conside- 
ration as small as possible. If this expectation value is denoted by 
K (coo C10) 119-+-; @, B), this is given by 


Kitten Gear S13505* 8% it 
ao Ga fe ta)+n hein Yleoroger i) i +8)ha Cntin 


~ og 2 $3 Ya+l le vr Cn+1, ae a y ) a+ 1 Catim Cat+in+l ’ 


n=0 a=0 


where EY ‘3 ni =1 


n= n= 


(3 +14) 
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In determining the values of c, @ and § which make A minimum, we 
first consider that « and # havé some fixed value. Thus the minimum 
value of K is obtained for these specified values of ~ and 8 We de- 
termine then @ and # so that this K has the smallest-value. As Ke 253; 
Ci Crass. 3%, 8) is a quadratic form of c’s, our variation problem gives rise 


to the following system of linear equations for Gyo, 0) Cray | 


— 3 yn enna + 47e( S tu)tn(F-+A)- Ehens 
__!KF Vr! opin =O 
% hy Syne Bat {Oty +a) +n te + 8)—Eb Crain { 


l y ne Ser 
—— y oan Catijndl =0 


(3-15) 


‘Lhe eigen-value & of this system of equations gives the minimum value of 
K for the specified values of « and 3. 

It is often more convenient to transform our system of equations 
into a system of differectial equations. For this purpose we introduce the 
functions @(UV,, V_) and @(V,, W_) of two variables Vy, and M_ having 
the following properties: the function g(UV4, -V_) has the values ¢,,, at the 
point V,=7, N_=n, and the function ¢(W,, W_) the value 4; at the 


point Vln, VV = 72 nus 


g(N,, Ny, an =P", =e 


an 


7 = . 
pees, is (3. 16) 
(N's, Nes, ng yee et L, #)=Cysin 
Vo =e 
We introduce further the operators 4A, and A} which, operated on an 
arbitrary function /(A,, .V_) of Vy and .V_, generate the new functions 


V\.+t1 FON,4+1, V_) and y.V, F(V,—1, WV.) respectively : 


As (Ny, N.=VNyFl F(N4+1, A) a 
At F(N,, N_)=V Nu FUWW,-1, N). aii de 
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Further let 4. and A* be the corresponding operators having the properties : 


A_F(N,, N_)=VN_¥1 FN, N+ 1) ni 
A* F(N,, N_)=)VN_F(Ns, N_—1). ee 
These operators satisfy the followiny relations : 

[4,, 4;]=[4_, A*]=1 

[4,, A_j=[A5, AZ\=EAas; 1*|=[A§, A_|=0 (3 - 18) 

ARA, =.V,4, A* As lV.. ° 
We introduce next the two-row function ® whose first row is g(V4, A) 
defined above and the second row is (V4, NV) of (3- 16)- 


N,, N- 
O(N, N.)= ote a) (3-19) 


Further let t,, 7. and 7, be the matrices 


=o ern en aa Ye a 


Now using these operators and matrices the equation (3-15) can be 
written in the compact form: 


H( i +a Ap A,+ (+A) at a} 


(E+ Poet 7. At) evtee) 


+( « ee it -B]@=0. 3-21) 


In order to transforn (3-21) into a system of differential equations, 
we use the transformation theory of the quantum mechanics: We introduce 
first the operators &,, =. and ~,, po by means of 

Ai t+ A*¥=~,—i, A,—A*=f/,+ ip, 
A+ AL =f, +26, , At—A_=)p,—ip, 


then these ,, €, and /,, ~ are all hermitic and satisfy the commutation | 


(3 - 22) 


relations 


LE, Py |= 10 yy ’ [Ey Ev J=[Py py\=0 : (3 + 23) 
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Thus, if we use f-represeutation, the function @ is represented by a two- 
row function of 7, and §. The operators $=, and €, are in this representation 
the multiplication of this function by €, and 3., respectively and the operators 
fy and fp. are respectively the difterentiation 1/7+0/0*; and 1/7 + 0/06, 
applied to this function. Thus in this representation (3-21) is represented 


by the following system of differential equations : 


{-+( 0" re ee )+ ; (+E) +ia(&, : aie )- LA We, A) 


eee ( 3 re ce tg FED + ol a ea 2 )-1- Whe, co) 


—|v@,—#)—w( 3 --i2_)} 9G, &=0., 


OF, 0€., 
(3 - 24) 
where a, v, wand Wi, are the following abreviations : 
Y be hak Oe # is 
ac St ap se pee ee ees) 
or e gull KE L: 4) | 
RK i 
tee fk ee nt a | 
( KE B) eos K. yA ) 
ee) ee ie (8-25) 
A ae ( Fimee seckte.) | 
ie: ZS OK Ts 
‘ , Ke VE: 1 
é ) 1 
that 4a+ ar +8) E : 
If we introduce the polar coordinates + and @ by means of 
-.=rcos0 | 
- 4 3 - 26) 
f.=rsin?, } "e 


it is immediately seen that (3-24) has the solution of the form 
eG, Pe 
(oc, ae y= | aa dics )a 
if i ba _ 1 1 3 
2 


(3 +27) 


On the Hffvct of the Iteld Reactions on the Interaction etc. 15 


where f(7) and g(r) satisty 


es ni(i2—1) L 
| eg es as es 2a(m— teh 2UK+ DL A) | 
| 
—Qery (ry) —24 Ma =0 
we tke ar ale oe | 
SPs m (+1) tee i eee 
Te iar Daag +7 ier oY )-20.4 Dlg 
dr fr+2w( 2-4) 4) =0 
hy j 


Our problem has been thus reduced to the eigen-value problem for the 
system of differential equations (3-28). But it is to be noted that the 
equation (3-24) is more comprehensive than the original equation (3-15): 
the formar equation has more number of solutions than the latter. It can 
be easily shown that among many solutions of (3-24) that with m=1/2 
corresponds just to the solution of the original equation (3-15), But it can 
be also shown that the solutions of (8-24) with other values of # are by 
no means superflous: each of these solutions corresponds to the state of our 
system with the charge number 7. In this way our restriction introduced 
first saying that the state under consideration is of the charge +1 is 
automatically removed if we treat the equation (3-28) generally, allowing 
for m also other values than 1/2. 

C :—Two limiting cases; 

In order to see whether our Hartree approximation will really give 
reliable results, we shall compare our results with those obtained by the 
perturbation theory on one hand and py the method of Wentzel on the 
other hand in two limiting cases of small and large /, 

(i) Case of small 2 

Since it is known from the beginning that in tnis case no proton-isobars 
exist, we consider only the state of #z=1/2. In this case of small 7 it is 
simpler to deal with the original equation (3-15) than with the differential 
equation (3 - 28) 

When we take c =1, then it is seen that ¢.=0(4), au=O(P).... So 
it suffices that only coo and c;,o are taken into account, the higher coefficients 
being all neglected. In this way the approximation correct up to the order 
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of /' will be obtained. The equation (3-15) is then reduced to 


Fah Tee a C9 =O | 


o 


— Boe (Stn) Bho 


The eigen-value A is now obtained by solving the secular equation of 


(8.29): 


pe ES ee (3-39) 
K+ Kea 


this gives the eigen-value correct up to the order of /° 
We now determine « so as to make this A minininm. Then we 
obtain 


“0 


Enin= —CK; | 
and hence 


Cyn =H | . (a= eK, 


| 
o=N g (At) (3+ 32) 
Kt 


is the required approximate solution of our problem. 

The eigen-value FE in (3-31) and the eigen-function @ of (3-32) 
agree perfectly with the results of the perturbation theory. We see, thus, 
that our Hartree method applied to the case of weak coupling gives the 
sufficient approximation [as to the treatment by means of the perturbation 
theory see (3 -52)]. 

(ii) Case of large 7 

In this case the dimensionless quantity v contained in (3 - 28) is very 
large, of the order of 4A. This fact corresponds to the circumstance that 
in (2-15) the quantity VK5,/ was very large. Indeed, the equations (3 - 28) 
and (2-15) have substantially the same form, so that (3-28) can be solved 


in the same way as (2-15), using the analogy with the theory of diatomic 
molecules. 
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In this way we find that in the first approximation, the solution is of 
the form : 


SY=9(r) (3 - 33) 
with f(7) satisfying 


2 2 
{— @ —+ = +77 +2am—2(W,+1)—20r— oll SL LO)= =0. 


ay a 
(3 - 33’) 
The eigen-values and the eigen-functions for the lowest states are then 
W= — . + a -| = —al »} 
S = é ee: (3 - 34) 
iA cd aaa | 


We obtain then the energy £(a, 8) using (3-25). This calculation can be 
simplified when we first expand the quantities K and Z in (3-25) in terms 
of powers of « and 8. This procedure is allowed, as our result will show 
that these @ and # are small : 


Ai = K+ Ko a+ Kae + ae 
Kf=KS+2K,0¢+--- 


ay ge aclgionn (3-35) 
E=K/'+ Kp ; KK, 3° + A 
(3=K,+2K,8 +- / 
We obtain thus 
E(a, p\=—F 2K,’ a ett ayaa me 
KK,’ K; «tf Ki. a-, 2 KK; | 2. > 
aia dl oe eee fe oi Ke 
ti hy KK. oS f= | 
ey os _— = (at . 3 , 36 
g | e2 ata (3 - 36) 


Now we have to determine a and # so that (3-36) becomes minimum. 


This gives then 


(w— =z. ) 
eves peu (= eee. 6 ae A, ) 


a9 


(3.37) 


7? 
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The corresponding minimum value of £ is 


ae 3 
1 2 a 1 fr ee 1 Ky, _ Ke K;' b+ = 
Emin ——5- OK al K zs 7a Ke K; KY 2/7 KK, 
(3 - 38) 


This £ is to be interpreted as the self-energy of the nuclear particle in our 
Hartree approximation. 

If one compares (3-38) with (1-33) and (2-45), one sees that the 
first and the last terms of (3-38) agree perfectly with two terms in (1-33) 
or (2-45). The second term of (3-38) represents the quantum-theoretical 
zero-point energy in the Hartree approximation. The corresponding term 
was omitted in (2-45). 

Not only our Hartree approximation gives the self-energy which agrees 
with that obtained by Wentzel’s method, our method gives also the ex- 
pectation value for the self-field agreeing with Wentzel’s approximation : 
We expand the functions 4(f)=g(4)/K—4 and f_(f)=9(4)/K—Bf appearing 
in (8-10) in powers of a and # using (3-27): 


RE OPO BOT MEE 
It can be then shown that the first term in (3-39) corresponds to the 
shift of equilibrium positions 7[g{4)/KYV&K] in (2-33), and the second term 
to the shift of equilibrium position (7/1K;) Y, in (2 - 37). 

Further, we see, comparing (3 - 37) with (1 - 33), that the #-proportional 
terms in the expression for @ and f correspond to the angular velocity @ 
of the precession in the classical theory. The other terms in (3-37) which 
are independent of # are not contained in the classical formula for o. 
Analogous m-independent terms will be obtained also by Wentzel’s treat- 
ment from the term #& in (2-40). Thus these #-independent terms in 
(3-37) represent a quantum-theoretical’ effect. |The physical consequence 
caused by the existence of these terms will be mentioned afterwards (in E 
of this parggraph and in B of the next paragraph). 

D :—Case of intermediate coupling. 

We have seen that in two limiting cases of weak and strong couplings 
the Hartree approximation gives the results which agree sufficiently good 
with the results of perturbation theory on one hand and Wentzel’s method 
on the other hand. We may expect, therefore, that also in case of inter- 


i()= gf) 4. g(k) te g(&) K; (3-39) 
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mediate coupling our method will give sufficiently satisfactory results. 

When the coupling is neither weak nor strong, we must solve (3-15) 
or (3-28) numerically. Since this calculation is rather tedious, we have 
carried out this simplifying the calculation by putting a=8=0. Moreover 
we have restricted ourselves to the states of |#|=1/2. Owing to the former 
simplification the results obtained are less accurate, but they will be 
still accurate enough to give the general feature of the behavior of our 
system. 

When we put «=8=V, the system of equations (3-15) becomes very 
simple. Introducing twe dimensionless quantities 


V=LK, (3 - 40) 


and 


W= ES, (3-41) 


(3-154 reduces to 


nu—? 


Fig. 8. Eigen-solution cm, for various values of V. Full lines ; ¢, obtained 
by the aumerical calculation. Broken lines: ¢m given by the approximate 
formula (3-43). 
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— V1 eg mat (2n—W)eam— V VU Cetin =O 
=i Ky Vu+ Leaet (27+ 1— VW) ois ee V Vu +1 (eee et =U, 
n=0, I, 2,... 
(3 - 42) 

This system of equations is now sutficiently simple to be solved numerically. 

In Fig.3 the eigen-solution c’s are plotted for various values of the 
coupling constant V. From the figure one sees that by introducing a 
proper parameter V’ the plots for c’s can be approximated by the square 
root of the Poisson formula 


on ss 
pape | ai ace (3-43) 
Vu! 
where c, has the meaning 
Coj2. wie for even 7 
—— wane (3-44) 


Cindi]. te-/e 1OF Odd we 


The points connected by broken lines represent this approximation. 
Fig. 4 shows how the 

eigen-value W depend on V. 5 

For V€1 it is approximately 

given by 


W=—V?*, (3-45) 
and for VSI by 


aa 


From (3-45) we obtain 
& which, of course, agree with 


Vi ——» 


that given by (2. 32), hee Fig. 4. Eigen-value //” as function of P®, 44: 


Exact curve. A: According to (3-45). CC: Ac- 


because in this case of weak cording to (3-46). 


coupling our substitution «=O 

was correct one, On the other hand, when the coupling is strong, the 
correct values of a and f are given by (8-37) and not zero, the result 
obtained by putting a=f=0 is obviously less accurate, This E is obtained. 
evidently by putting «=f=0 in (3 - 36): 


On the Effect of the Field Reactions on the Interaction ete. 24. 


f= mera PKi— net AS i K 
: 2 KS 20K: 


ME, Ce ayG 


The curve 4 in Fig.4 represents W as a function of V obtained by: 
solving (3-42) numerically. The figure shows how the curve A connects 
the straight line & representing (3 +40) and the curve C representing (3 - 46). 
The figure indicates especially how the result of the perturbation theory, 
which is represented by the straight Jive B, becomes bad as the coupling 
constant V7 becomes large. 

In Fig. 5 a physically inter- 


‘ 


seting quantity, the “‘ probability 
of dissociation,” is given as a 
function of V. By this term. is | 
meant the probability that ‘the a, 
proton/neutron” is dissociating 
into the neutron; proton and 


mesotrons. This is given by 


jee latin Ey! : Pat 2 
= ae re Fig. 5. Probability of dissociation as function 
ys Aina : of V?. -14: Curve obtained numerically. BA: 
(3-48) 


Valces obtained by the perturbation theory. 
The perturbation theory will give CC: Asymptotic value according to Wentzel. 
for this probability 


P=". (3-49). 


and according to Wentzel’s method we have 


The figure shows how our result connect these two extreme cases and 
especially how rapidly the approximate value obtained by the perturbation 
theory becomes bad when the coupling becomes strong. 

We shall here add few words about the meaning of # and f§ when 
the coupling is weak. For this purpose we solve the Schrédinger equation 
(3-4) in the limiting case of small 7 by means of the ordinary perturbation 
theory: in this case we may first neglect all higher g and yg in (3-4) 
retaining only ¢, gi and @. Then we have to solve the eigen value 


problem 


S.: TOMONAGA. 


bo 
tw 


K.g=—2{ gultt) gat) att 


( 3-51 
(K— KDA =—H9 Der J eattts aeate} | SPY 


(K,—-KI—K ett; H=4(4) A(t) 


This gives by the ordinary perturbation calculation 


iy Pg} 4 § g (ky j 12 | 1 Bemis at 
Kya PKS +1 | at LO | 9 (bY |e = 
go=l 
ee 
ae fc 
la (4) ly (kr) 
g(tt; f= IS ap 
a 2 re al f dt 
Ker { 9 aE shat Kr+Kt—r | 
(3 - 52) 
Comparing this results with our Hartree approximation : 
Po=l 
fencers (4) 
#()= Ke Kt—a (3 - 53) 
+) 41 94), We) 
ile Simey ay 58 Ve sere oe 
we see that « and f have the gaits 
of ? 
w=P[ (9 { oe hat] ; 
"KTS Kia 
LF 3 (3 - 54) 


pofaraef aaa] | 


where [ Ja» means that A} in it is to be averaged in a proper way. 

It is here to be noted that « tends to zero when / becomes vanishingly 
small, so @ is very small when the coupling is weak. On the other hand, 
3 tends to a quantity of the order of magnitude of K in this limit, so B 


is very large when the coupling is weak. These facts can be directly seen 
from (3 - 54), 
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E :—Metastability of proton-isobars. 
Our result (8 - 38) indicates that, when the coupling is sufficiently strong, 
the’ states with |m|2>3/2 will be stable. As mentioned before, this is 
because the interval between rotational levels 


ah eae enn 1 oe 
dE = sae | —(m—1) }= a ("-) (3 - 55) 


can become so small that it satisfies 
4E <x 
when /7K; is sufficiently large. 
Now, we notice that in our approximation the wave functions have 
the form 


A= L2_, pp=9 | 


K-=8 


(w=) f= ae (-»- ).| 


4= 
3 
(3 - 56) 
We-see that when ™ is positive, 8 is always negative but « will be positive 
for m™>3/2. As the consequence, there arises the possibility that the 
denominator of ,(f) vanishes when a is larger than x. That the denominator 
of the wave function vanishes at K=a means that in sucha state the waves 
extend to infinity in space, so that the mesotrons are not bound to the 
nuclear particle but leak out with the energy 4, or strictly speaking, with 
the average energy «4, since we are here dealing with the Hartree approxima- 
tion. Denoting this average energy of the mesotrons by [K ]ao, we have 


[K] a= . (3: 57) 


When m is negative the same situation occufs, f playing now the role 


- 


of a, 

When now the unstable state with the quantum number ™ had only 
one possibility of decaying into the state of (#—1), emitting thereby only 
a single positive mesotron, this decay mesotron should have the energy 4E 
given by (3-55). But since we have K;K,/K,'~4/3> 1/2, the average 
kinetic energy of (3-57) is not equal to this 4E but it is smaller than JE: 


[Klan < 4E. (3 - 58) 
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What will now this inequality mean? This inequality implies, namely, that 
our unstable state with the quantum number # can not be interpreted as 
simply decaying into the state with the quantum number (#z—1) plus one 
free positive mesotron. Thus we must conclude that, when -JE of (3 - 55) 
is larger than x, the state under consideration does not necessarily decay 
into the next lower state emitting one single mesotron, but this unstable 
state will decay into various end states emitting several mesotrons with 
various energies. The average of these energies is thereby given by (3-57). 

Of couse, when @ is too large compared with x, our Hartree approxi- 
mation can give no reliable result. But when the coupling is such that, 
though JE is larger than x, @ is still smaller than x, then our approximation 
may be still regarded as sufficiently: good. In such a case, the fact that « 
is still smaller than x means that the true wave function can still be ap- 
proximated well by a wave function which does not extend to infinity. Thus 
such a state is meta-stable and have considerablly long life, although the 
excitation energy 4& is larger than x. 

Thus the probable existence of metastable proton-isobars is concluded 
in agreement with our conclusion obtained already in §2D. There we have 
derived this result by means of the considerations based on the wave (or 
oscillator) picture and here by means of the considerations based on the 
particle picture of our system. 

It is desirable to treat the scattering of a mesotron by some method 
also in this case of intermediate coupling. But unfortunately we have as 
yet found no adequate means to be applied to this problem. 

(to be continued) 
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On the Theory; of Ferromagnetism at 0°K. 
By Syohei Miyanara. 


‘Received Noy. 20, 1946) 


(41) Introduction. 


In the theory of ferromagnetism there exist two different standpoints, 
i.e. the phenomenalistic and the substantial. The former has, as Weiss’ 
theory typically shows, the virtue of explaining quantitatively the relation 
between magnetism and temperature, or other quantities such as Curie-Weiss’ 
constant and the anomalous specific heat etc. Heisenberg’s theory must 
also be considered as a phenomenalistic one notwithstanding its electron- 
theoretical treatment, because it is unable to explain satisfactorily the ap- 
pearance of ferromagnetism in connexion with the construction of substance 
in itself. 

On the contrary, the virtue of the substantial method is related, as 
Slater’s theory typicaly shows, to what is the weakness of the other ; though 
it has the drawback of presenting difficulties in obtaining quantitative results, 
esp. the temperature dependencies. Notwithstanding this weak point we 
can expect various useful results from the theory, because the information 
concerning the electronic structure of solids is rapidly increasing nowadays, 
and ferromagnetic substances are specified by the appearance of. ferro- 
magnetism at the zero point uf temperature, and the Curie-point has only 
a secondary meaning in spite of its practical importance. 

Now we shall show several formal results concerning the ferrothagnetism 
at O°K, obtained under the assumption that the exchange-integrals and the 
level density (or distribution) function are entirely known. 


(2) General theory of spontaneous magnetization at OCR. 


At O&K the absolute entropy must be zero, so we do not need any 
information of the electronic complexion, but the lowest energy state only. 
Let U be the energy difference between the magnetic (S=-0) and non- 


(1) Slater, Phys. Rev. 49 (1936), 537. 
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magnetic (S=0) states at O°K, where S means the total spin quantum 
number of the electronic system in consideration: 77<0 results in the 
ferromagnetic case and U>0 the nonmagnetic. U is generally considered 
to be composed of two parts: one is the so-called binding.energy Uj, that 
is simple summation of energies of total electrons, calculated directly from 
the level distribution function of one electron solution and the assumption as 
to the manner of electronic occupation to the levels. The other is the ex- 
change energy, which is deduced from the electronic interaction and depends 
on S. Then U, is given by the following expression* : 


FE Ba Eo 
Be | Ed 2Z(E)+ \ Ed Z(E)—2 | EdZ(E), (1) 
0 0 0 


where # is the level energy, Z, and £, are respectively the highest energies 
of doubly and singly occupied levels in the magnetic state, and &, is the 
highest energy of (doubly occupied) levels in the nonmagnetic state, and 
Z(£) means the level distribution function: the total number of levels 
having energies less than & is Z(Z£). Then £, &, and &, are given by 
the following equations. 


N=22(E), (2) 
Ea 

~S= | azz). (3) 
Fy 


The other part of the energy difference U, is not expressed in strict 
form because of the variety of exchange integrals, which depend on the 
wave number vectors & and #& of the related wave functions; then, taking 
the mean value, in accordance with Slater, /, is expressed by //L, where 
J is the exchange integraf in an isolated atom and Z is the total- number 
of atoms (or atomic cells) in the solid, Then 


w= —J/S*/L, (4) 
and 
5 Ea Bo 
U=U,+U,= \ EdZ(E)+ j EadZ(E)—2 j EdZ(E)—JS/L. (5) 
0 0 0 


* Integrals mean Stieltjes’. 
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Let « be the Bohr-magneton, the magnetic moment M of the solid is 
M= —2S bt. ( 6 } 
For simplicity wé use 


n=N/L, p= M/Lyp, 2(£)=Z(E)/L, and «=U/L, 


then 
Bi a Ko 
es \ Edz(B)+ | Edz(E)—2 \ Edz(E)—Jy*/4 (7) 
fa 
y= | ds(B), (8) 
Ei 
n( =const.)=2(F,)+2(F,)=22(4), ee 
and from (8) and (9), 
GIVE \ dE) (10) 
Fi 
Ka 
= [ azz). (11) 
Ko 


The above expressions (10) and (11) will also be expressed by 
=f\E; £) [or y=f(4e: &)]. (12) 


Now we must define the inverse function A,(or -,)=f"(y; 4). Generally 
(A) [ot /(Z.)] has a finite number of discontinuous points Fe Ei! .; 
{y. =f(E’—9), 74 =/(E’ +0) etc.], or f(A) may be equal to a constant 
vf for BSE, <F**"; so it is natural to define 


S7(7; A)=E! for vy Sy< J, 


(13) 
Sig; K)=E for y= yz. 


f(y) is discontinuous at 7=y* in the general case. 

With the above definition x may be considered as a continuous function 
of y (notwithstanding the. discontinuity of ~ as a function of £), 

Now we shall consider the function «(y). Taking the Pauli-principle 
into account, Zy or —2S must be always less than,the number of empty 
levels, then #(7) is defined on the domain 0S ySFmax- (For instance by 
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Ni ?yax2=U.6). Let y* be the value of y which makes u(y) smallest, then 


the magnetic moment of the system at O°K is Lj. 


(3) The case of metals. 


In the case of metals, we can suppose that #(y) is differentiable in 
the domain and #(_y) might also be continuous; therefore 


ee N OE Vaan (14) 


. 


or “(y*) is mininnum, therefore 


#( yj=V (15) 
or 


F,—F,—/y=Y, | (asterisk is removed). (16) 


The minimum point y* and the corresponding £, and £&, will be found in 
the roots of the simultaneous transcendental equations (J0), (11) and (16), 
There we can easily see that y=0 is always one of the roots of the 
equations ; therefore; w’’(v)<0O or from (7), (19) and (14), 


J—1/v(£) > 0 (17) 
is a sufficient condition for appearance of ferromagnetism, where -»(Z) 
means the level density function 2/(#). In the case of Ni,@ /=7466 cm™' 
and 1/y(£,)=5490 cm™, then the condition (17) is satisfied. 

Next we shall consider the change of the magnetic moment at O°K 
with respect to the change of the total number of electrons. Such a conside- 
ration must be useful to the theory of spontaneous magnetization of alloys. 
The value of y* itself is difficult to express exiplicitly, but dy*/dw is easily 
obtained. 


i) When »* coincides with the maximum value Vmax of yi 

ay*/du=—1 (18) 

ii) When 9* is a root’ of #'(7)=0, front (10), (11) and (10) 
DYE soak —[4(4)—»(43)] 


anv (E,) +(E,)—2.7v(B,)v (Fy) | 


(2) Slater, 1. c. 
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If we assume v(4,)=0 in the above expression, we have again (18). The 
result (18) is the same as that which Hirone’s theory of Ni-alloys™ gives, 
but the above method of deduction is more general. 


(4) Application to body-centred and face-centred iron. 


Recently we had an opportunity to know of the valuable works of 
Manning and Greene™® concerning the electronic energy bands of body- 
centred and face-centred iron. From these works, we have 

for b.c. iron ies PED L/e 4 JH 15.7 e 10% cm™ 
for fc. ston Ver toe, L/v( Ay) = 16.7 e 10*cm™ 
As the f.c. iron might be nonmagnetic at O°K, ,/ must satisfy the inequalities 
134 «10 em < J < 16:7.10? em. (20) 


If we assume the lowest value for /, we obtain y*=2.2, from (19), (11), 
(16) and the curve of the »(#), and this value is very satisfactory. 
The validity of the relation (19) is not so good for Fe as in the case 


for Ni. 


Physical Institute, 
Nagoya Imperial University. 


(3) Hirone, Sc. Rep. Tohoku Univ. 27 (1938), 101. 
(2) Manning, Phys. Rev. 63 (1943), 190; Greene, Mannig, Phys. Rev. 63 (1943), 203. 


Letters to the Editor 


The Self-Energy of the Electron 
and the Mass Difference 
of Nucleons 


It has been made clear‘) that Bopp’: new 
electromagnetic theory@) turns out to be, on 
quantization, a mixed theory of Maxwells 
electromagnetic field and the neutral vector 
Yukawa field. 
following two new difficulties present them- 


As a sequel, however, the 


selves. Firstly, the energy of the meson 
becomes negative, and secondly, the self-energy 
diverges due to the fluctuation of the field. 
Inoue and Takagi advocate the adoption of 
a scalar field as the Yukawa field, in order 
to remove the first difficulty®). We desire to 
point out that the second difficulty, too, can 
be obviated by this combination of fields. 

The self-energy of an electron at rest due 
to an electromagnetic field becomes, on c Iculat- 
ing positron-theoretically in accordance with 
Weisskopf(), 


co me $$ 
ix $A rn (Ss K>o . 


=| cht) 


whete # denotes the mass of the electron, ¢ 


3 
Le log 2— 


its charge, 2x% Planck’s constant, ¢ the light 
velocity. This is the sum of the electrostatic 
se'f-energy and the electrodynamic one due 
to the fluctuation of the field, and differs from 
the result of the ordinary one-body problem 
calculation in that it diverges logarithmically, 
Carrying out exactly similar calculations for 
the self-energy due to the meson field, we 
obtain 


(i tay, Bhp 
Wry = -- — — ae 
AG oer ( 2 ah log K 
3 ne 1 1 
=a ees = 2)(2 
2 8 mt = 4 2 fog y« ) 


Here we Nave considered, just as Inowe and 
Takagi, only the scaler type of interaction 


between the electron and the meson field, and 
denoted its constant by f# Further, #,, re- 
presents the mass of the meson. 

The expression (2) diverges, just as (1), 
loyarithmically, and if we postulate the relation 
a= 212 
between the constants of the interactions, the 
result becomes finite, giving as the total self- 

eneryy of the electron 
c= mc? ( 3 2H y 


log 
B, z & 


a m 


WW p+ ll y= 


1 35 
+3 et) 


If we take 7,,-~200 m, this value is so small 
compared with the electron mass, thai the 


addiiional mass due to the self-energy may, 
in general, be neglected. 

As to the theories ol,)viating the divergence 
of self-energy, there is, besides those following 
the line of Born and Bopp, which we have 
examined, another originating in Wentzel©) and 
developed by Dirac and Pauli.6) ‘his theory 
employs manipulation called the {-limiting 
process, together with a new method of quanti- 
zation involving the iniroduction of negative 
energy photons, and is claimed by Fauli to 
be capable of removing all the divergences in 
the quantum theory of fields. In particular, 
as concerns self-energy, the 4-limiting process 
is instrumental in eliminating the electrostatic 
part, while the new method of quantization is 
effective in anulling that part due to the 
fluctuation of the field. But this is the result 
of a one body-problem type of computation, 
and if the correct, positron-theoretical method 
of calculation is followed, the self-energy 
diverges once more and neither the. A~-limiting 
process nor the néw quantization is of any 
avail here. As Pauli says, although this theory 
is extremely unsatisfactory in that it simul- 
taneously employs two altogether independent 
inethods, and further requires a reinterpreta- 
tion of the results, there is something in it 
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that reminds us of the eve of the advent of 
the quantum mechanics. But, it must be 
admitted to be a fatal defect of their theory 
that it loses sight of the solution of the self 
energy problem, which was its original subject 
matter. 

Our theory can be directly extended to 
protons as well, and gives, as its self-energy, 
the expression 

ef. Me £5 
4c z 4 M oe 
where M denotes the intrinsic mass of the 
proton, and it is assumed that Af Stig > M 
4M=W,/2 may be regarded as giving the 
mass difference between neutrons and protons, 
and, if we take 72,~200 m, we obtain 4M@~— 
2 m, which is approximately of the same order 
as the observed value. Our theory may be 
claimed noteworthy as there seems to be, at 
present, no other capable of explaining this 
4M. 
S. Sakata 
O,. Hara 
Institute of Theoretical Physics, 
Nagoya Imperial University. 
April 8, 1947. 
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On the Lifetime of the 
Neutral Meson 


The present author has shown that the 
radiation damping gives the finite transition 
probabilities for such processes that the virtual 
pairs of electrons or nucleons are produced in 


the intermediate states and whose transition 
probabilities are usually divergent according 
to the ordinary perturbation theory. 

For example, we calculated the two photons 
disintegration of a neutral pseudoscalar meson 
and the three photons disintegration of a 
neutral vector meson.(!) 

We obtained the decay formula 
1 1 ast —2 fe? pc? 
ae ) “he 


=—— ~— (pseudoscalar) 


ac z 


T) 36 : 


L 1 7 2 yo 2? pct 
To ~ 216 ( Be ) = = 


where # is a meson mass, 7; and gy are the 


(vector), 


interaction constants of the meson with the 
nucleon. It is noticable that these results are 
free from any divergent integral. 

Usiug the usual values of constants, we get 


Tp=4.2 x 10-74 sec. 


t= 3.4 x 10-7! sec. 


(pseudoscalar) 
(vector) 


Detailed account will be given in the later 
issur of this journal. 
Y. Tanikawa 
Institute of ‘Theoretical Physics, 
Nagoya Imperial University. 
April 15, 1947. 
(1) S. Sakata and Y. Tanikawa: Phys. Rev.. 57 
(1940), 548. 


Y. Tanikawa: Proc. Phys.-Math. Soc. Japan. 
24 (1942), 610. 


On the Decay of the 
Charged Meson 


Sakata has suggested a modified theory of 
the meson decay which would remove the 
well known discrepancy between the theoretical 
and the experimental lifetime of a charged 
meson. His results however depend on the 
divergent integrals which make any result 
unreasonable. Then, we calculated the same 
decay-process by taking account of the radia- 
tion damping which gives the divergent free 


results. 
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We obtained the decay forraula of the 
charged meson 


Saad oe has 


araeey 


for a vector meson, and 


= . 
a(S af) (aes . es —f 
(2) 
fos a pseudoscalar meson, where ™ is au 
electron mass and # a meson mass, 23, £9, 
and /, denote the inieraction constants of 
meson with nucleon, 7;, Z, and 7;/ the time 
constants of the beta-decay. 
Adopting the usual values of constants, we 
haye 
T) (vector) ~~ 1U0-#" sec. (3) 
Then, we see that the descrepancy of the 
lifetime for a vector meson increases in the 
modified theory proposed by Sakata rather 
than in the original Yukawa theory. ‘he 
same is true for a scalar and a pseudoscalar 
meson as easilly seen. 


On the other hand, Yukawa’s theory tou 


is not free from this sort of difficulty, because 
there exists always Fermi’s type of the direct 
interaction between the heavy and the light 
particles®) by which the modified prosess of 
the meson decay is brought forth. 

It still seems that there exists only one 
possibility in the pseudoscabat meson theory 
which get rid of the difficulty, since in this 
case we can determine the interaction con- 
stants for the meson decay and the beta-decay 


separately. In fact. if we take in (2) 


ge ‘ 
4 = 10 sec, (4) 


we obtain 
T) (pseudoscalar) ~ LU-® sec. 
It therefore seems to be concluded that the 
charged meson which can be observed in 
cosmic rays is only of the pseudoscalar type. 
Detailed account wil] be given in the jater 
issue of this journal. 
Y. Tanikawa 
Institute of ‘Cheoretica! Physics, 
Nagoga Imperial University. 
April 15, 1947. 
(1) S. Sakata: Proc. Phys.-Math. Soc. Japan, 23 


(1941). 283. 
(2) N,. Kemmer: Proc. Roy. Soc.. 166 (193k), 127. 
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Elastic Collision Cross Section of Oxygen Atom for 


Slow Electron. 


By Takahiko YAMANOUCHI. 


(Received Nov. 22, 1946) 


1. Introduction. 


According to quantum mechanics, the effective cross section of an atom 
for the elastic collision of electron is given by” 


Q= “ Y (i+ 1)sin?6, , Gly 


iad 


where & is the velocity of the electron in atomic units, and 4, is the phase- 
shift of the th spherical wave into which the wave function of the colliding 
electron is decomposed. Integrating the wave equation for the radial 
part y(v) in an appropreate atomic field U(r), and joining it smoothly to 
0, Fy (kr) +0, G, (Ar) (Fie) = Vaz /2hisain(2)s G,(2)=Vr2/2 Visam(2)) at r=/o 
where U(r) vanishes practically, the phase-shift 6, is determined from the 
asymptotic form: 


y(r)~ C sin (kr —f/2 + 3,) 
by the relation: 
¢,=Ccosd,, &=Csin®,. (2) 


At the same time, the normalizing factor that makes the amplitude of the 
wave function unity at the infinity is obtained from 


aCe ard. (3) 
For 40, in particular, we have 


60k, N=pe, (4) 


——— al 


(1) Mott-Massey, “ Zheory 0 Atomic Collision”, WT, § 1, 24. 
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as can readily be shown by the series expansion of Bessel functions. o 
only will therefore contribute to Q for small value of &. 


2. Cross Section for Oxygen Atom. 


For the mean atomic field U(r), the self-consistent field with exchange™ 
of the ground state Is’ 25° 2 °P of oxygen atom is adopted, for which 
U(r) vanishes in significant figures at r=8. For /=O and /=2, the wave 
functions and phase-shifts have already been calculated for another purpose. 


The newly calculated results for /=1 are shown in Fig. 1 and Fig. 2. 
The coefficients @ and P in (4) are as follows: 


l 0 1 2 
a 2.62 1.617 0.295 
p 14.15 15.63 0.358 


Fig. 3, 4, and 5 show the variation of tand,/#"*' and N,/#*™, in which 
however 0,/2° is omitted as it is practically 0. For the calculation of Q, 


pao Ka) Or 


G2 
“% Sema 


-0)\ 
Fig, 4. 


(2) Hartree, Hartree and Swirles, Phil. Trans. A, 238 (1939), 229. 
(3) Yamanouchi, Proc. Phys.-Math. Soc. Japan, 22 (1940), 569. 
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tan 9/2 


Fig. 6. 
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therefore, the first two terms will suffice. 

The cross section (in a.u.) is shown in Fig. 6. The thin lines indicate 
the partial cross section Q, and Q, due to 7=0 and /=1, and the thick line 
the total cross section. The reason that the curve for /=1 has a maximum 
at #—0,.65 has been explained in our former paper™. 

For £0, we have approximately sin d)=2.62 (1—1.71 #). 


3. Collision Frequency in Ionosphere. 


As an application of the above result, we shall consider the collision 
of oxygen atoms and free electrons in the ionosphere. Let the number of 
oxygen atoms in unit volume and the energy distribution function of the 
free electron. be VV and /(e) respectively. Then the collision frequency is 
given by 

v=N \ LQ (ce) fle) cee. (5) 
0 
If we assume for f(¢) the Maxwell distribution corresponding to the absolute 
temperature 7, 


 ay2 


= Ve Ene | eQ(e)e/** de. (x: Boltzmann constant) (6) 


0 


In the ionosphere, where the mean kinetic energy of. the electrons is of the 
order 0.003 in a. u., we may put Q(e)=Q(0)=Q, and we have 


y==2NO P2xT/r. (7) 
Substituting Q=86.1 (a. u.)=24.1 x 10-" cm’, it gives 
y=0.245 NYT (a.u)=15NVYT x10-° (c.g.s. units), 


and its numerical value is about 2x 10° by assuming W=4 x {0° (F layer), 
ane 1S. 

The cross section for the nitrogen molecule has been calctilated by 
Fisk, which for £0 is equal to 24 in a.u. or 6.7x10-“cm?. If we 


(4) Yamanouchi, Inui and Amemiya, ibid. 22 (1940), 398. 
(5). Fisk, Phys. Rev. 49 (1936), 167. 
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assume the density of nitrogen molecules to be 2 4, we have for the mean 
collision frequency 


v=2.26 NYT x10-° 


which is about 3x10? for the above values of MV and 7. This agrees 
with the experimental value at least in its order of magnitudes, but it is 
perhaps too small. The collision with the other kinds of atoms and ions 
must be iucluded. 


Department of Applied Mathematics, 
Second Faculty of Engineering, 
Tokyo Imperial University. 
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On the Interaction of Mesons with the 
Gravitational Field. I. 


By Ryoyu Uriyama. 


(Received Feb. 8, 1947) 


Introduction. 


The theory of the interaction of electrons with the gravitational field 
was discussed by Weyl, Fock, Schrédinger® and Rosenfeld,” and that 
of the electromagnetic field with the latter was discussed by Rosenfeld® and 
Solomon.” In these papers almost anything was not considered about the 
freedom of the functions of the gravitational field. And these authors only 
used that the gravitational wave is a transversal one having two components 
as shown by Einstein.” 

While, the relationship of the freedom of the field-functions with the spin 
of the quanta acompanied by the field was discussed in general 1939, and it 
was pointed out especially by Pauli® and Fierz“” that the equations of the 
field with the rest mass zero and the spin 2 are equal to those of the 
gravitational field in the Ist approximation given by Einstein.“” So we 


tried to treat the interaction of the quanta (gravitational quanta or gravitons) 


This paper was published at the meeting of Physico-mathematical Society of Japan in 
April 1941 and October 1942, But because of the war the printing was delaied. 
(1) H. Wey!: Z. S. f. Phys. 56 330 (1929). 
(2) Vo Fock) ZS. f. Phys. 57 261) (1929): 
(3) E. Schrédinger: Berl. Ber. Math phys. K1. (1932) 105. 
(4) L. Rosenfeld: Ann. d. Phys, 5 113 (1930). 
(5) L. Rosenfeld: Z. S. f. Phys. 65 (1930) 589. 
(6) J. Solomon: Journ. de. Phys. 9 (1938) 7. 
(7) A. Einstein: Berl. Ber. (1916) 688 & (1918) 154. 
(8) P. A. M. Dirac: Proc. Roy. Soc. (A) 155 (1936) 447. 
M. Fierz: Helv. Phys. Acta. 12 (1939) 3. 
M. Fierz & W. Pauli: Proc. Roy. Soc. (A) 173 (1939) 21. 
(9) W. Pauli: Huitieme Conseil de Phys. Solvay (1939). 
(10) M. Fierz & W. Pauli: cf. (8). 
(11) A. Einstein: cf. (7). 
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of the rest mass zero and the spin 2 with the other elementary particles 
by considering that the above Einstein’s field equations of the first approxi- 
mation are exact. And here, for the simplicity we consider the neutral 
vector meson field interacting with the gravitational quanta. For if we put 
the meson mass zero, we get the equations of photons interacting with the 
latter which were formerly discussed by Rosenfeld.” Further, the interaction 
of the spinor field or the tensor field of higher rank with gravitons can be 
treated generally following these method used in this paper. 

By the way, the method of obtaining the symmetric energy momentum 
tensor of any tensor or spinor field is given, and the equivalence of those 
with the canonical one is proved in general. The same problem was 
discussed in detail and more generally by K. Husimi,"” who had shown in 
the region of the theory of the special relativity. 

This paper is divided for convenience into (1) and (iI), in (1) it was 
treated classically, and in (II) quantum-mechanically. 

In conclusion, the author wishes to express his heartful thanks to Prof. 
Dr. K. Husimi for his valuable advices and kind interest. for this work. 


§ 1. General Theory. 


i) Theory of Invariant Variation.“ 
Consider the field functions Q,(z), (4=1.2....Y¥) and Qi,=00,/02", 
where x*=(a', 22, 2°, *)=(x, y, 2, tet) and Q, is any spinor or tensor of 


the arbitrary rank. When the Lagrangian of a system is given by 


L(x, Os, Ooiad ’ 


consider the following integral 


~ 


ion \ hds'didx'd7 = \ Ldx, Cr) 


Vy rig 


where the integration is performed over any four dimensional volume V 
closed by three dimensional’ surface S. Now for 7 arbitrary functiofis 


(12) LL. Rosenfeld : cf. (5). 
(13) K. Husimi: National Research Council of Japan 4 81. 
(14) E. Nocther: Géitt. Nachr. (1918) 235. 

W. Pauli: Relativitatstheorie 617. 


40 Ryoyu UrivaMa 


€?(+)(0=1.2...r), we consider the following infinitesimal transformation 


Ot = '*— 7? = ah FP* 
ag? (2) 
—O, (2) ~— Oe(4) = Ba 8? + Ch 
ax 
where x}, and Q1(2’) are the transformed coordinates and field functions at 
the world point +, respectively, and at, B.,, Ca, are functions of 4” and 
Q. For the transformation (2), 7 is transformed to 


= | Le O.(2) On a2") aa, 


which is written as follows using the infinitesimal characters of (2) ; 


uf 2 B74 4 
=| LU latdx, Cee eee ee ap 8 
O(z xz x*) 


: 
If / is invariant for (2), we get 
ery | [e@tax, o+80.24 2). a : Ls, Q...) |ar=0. 
V 
If we put 
OL=L'(x'Q')—L (x, Q), 
then 


ve j {aL+ E22) | dr=0. 
’, Ox" 


Defining the substantial variation of any field quantity @ as follows ; 


d*O=O'(x)— (2), (3) 
then 


8D 3*O 4 9? 3,0 
fa) we 


4 


using this relation, d/ becomes ; 


* In this paper the summation notations are omitted following the tensor calculous. 
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a= | on+ 2 (Lax) |r=0 (4) 
where 
: ats aL 
O8 Tes ee OO) 4 = OF, , . ° 
Yom “ie Soe aaa 0? 


If (4) is satished for the arbitrary €°, and V it is necessary that 
ae 0 
o* 1+ —_-( Loz") =0. (6) 
re eae 


Inserting in (6) with (2), and using the notation 


a, ae 8 Ok OT) 
00. BO, | Or DO... 


(6) becomes 


pF 
=| Bag Onn ah) —2 (SF Cha) |@ 


0 cee ob (Bau Qase oh) 


Ox” 00% : 80.5 

aL ~» a | 

OL cw 81.0. 8 
a0. 4 Ox" (8) 


Integrating (8) over V and assuming that €? and its derivatives vanish on 
the boundary surface S, the integration of the divergence- term of (8) becomes 
zero, and we get the following identity as the necessary condition ; 


OL a a 0 (7 too” as 
306 (Bae Oz,p Uh) Ss 30. Zu} =0. (3) 


If we introduce (9) into the Ist term of (8), the divergence-term must be 
zero. Considering that €? and its derivatives of any order at any world 
point are independent, we get the several following identities ; 


By =- EX (10) 
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0 


Dea EG : (11) 
O04, 
OD ie (12) 
01” 
where 
DSi. apne (Bia Oo, a) (13) 
004 of Char 
and 
OL : 
Nhe aE Oe 14 
a 00. aa ( ) 


(12) is obtained from (10) and (11). (%) represents that A’—equations of 
the field (6/6Q,)=0 are not independent each other but some r equations 
can be derived from other M—7 equations. Therefore MV—Q’s are not 
completely determined by field equattons but contain 7 undetermined func- 
tions, and these can be eliminated by the transformation (2). 

At the end of this paragraph we shall give some important formulae 
which are useful in (II). To give these formulae, we insert the field equations 


2 
00. 
into (8), and integrate it at any instant, #*=.23 over the three dimensional 


space +'x°x" using €? to be zero over the boundary two dimensional surface, 
(by the partial integration), then we obtain 


Yap f 3 \ 
Eg ere ce ees eae 
< 


* (024)? ax! 2 ox ax 


0 


’ 


+ 


o, (Di- 3 2” BY) |datde'dy =0 : 
xi k=1 : 


Putting each coefficient of each derivative of €* equal to zero, then at any 
instant at=a4 


Gx =0 (15-1) 


=) (15-2) 
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k=1 da* 
Now we put as the initial condition 


0H _¢ 
0x" 


Blak 245 (16) 


then 


3 
pi— J 9 _#e=0 at =a. (16y' 
i= 02" 

While we have the equation (15-3), so the relation (16) or (16’) are 
satisfied all the time and from (16) and (15-1), the relation (15-1) are also 
satisfied continuously at every timc. 

ii) Meson Field and Gravitational Field. 

Consider the weak gravitational field described by the fundamental 
tensor gy,, the deviation of which from d,, is very small compared to unity, 
and so ‘ 


4 
Dg a. haw y} (dx*y 
k=1 
Further we assume that 


det (Zp) =f 


is positive definite. Now besides £ys, it is convenient to consider the so- 
called “ four legs” (vier Beine) /i;y, where the index z represents the 7th 
leg, whereas the index p represents the p-th component of the vector with 
respect to the 2” co-ordinate system.* 

They are related to fy, as follows ; 


hiyh = OF Aiylhi=fuv 
= 


17 
he he =" ( ) 


? 


the Ist relations represent the orthogonality, and at the same time give the 
definition of #**. The local co-ordinate system hj, at any world point (2*) 


* Hereafter the Greek letters represent the components with respect to the x -coordinate 
system, on the other hand the Latin letters represent those referring to the four legs. 
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can be regarded as a Lorentz system in the neighbourhood of that world 
point, so the distinction of upper and lower positions of Latin indices are 
unnecessary (because of the use of the imaginary time coordinate). The 
relation of Latin and Greek indices of any vectors or tensors are given 


ASIA, 


: (18) 
Aye, Aceh A, > 
Now consider a meson field described by a real four vector 7, and a 
real scalar V, the latter is introduced to remove some formal difficulties. 
The Lagrangian of the total system is given by 


f 0s, eM a 6 (19) 
S7e- 
where 
Mah{ = (U,V G.—Vadsivt Un Vas st}, 0) 
and 


G=R-2 0 {irae SY | 
Or” rae os 


R=h {tee Grqwo te Me £°* 
: (21) 


a mw Gv 
zs: zs Recpor Mature AE & 


1 ’ ool 
4 Pec003 Qtprong” | 


/ 


Here (—G) is a scalar curvature density, and 


h=det Am=V eo eee Oia U, 


wy 
— 7 — a 
Vin =OV/02"  Aepe}=Mep,0— Mhco,p 


2, of Reon: 
Ane" — Einstein's gravitational constant 
2 


J =Newton’s gravitational constant 


hk 
p= 


-=the rest mass of a meson. 
é 
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The equations of the field are given by variating 7 with regard.to Uy, V 
and 4, respectively (these field functions are considered to be mutually 
independent). That is ; 


(Ue pry OU" 8 pgs p00, (22) 
Ox" : 


2 “ Ox" 
where 
U#=hU" Vesey. 


Hereafter Gothic letters express tensor (or vector) densities. The equations 
of U, are 


nO +. eye. (23) 
0x” 
Finally 
0G OR , 
=2 aA G — et hi = FR : 
etme tn=( +e G)h Ihen 


Here G is Einstein’s curvature tensor density. Further 


GM _ 5 OM, __ gy, , (24) 


Ohin OL xy 


where 


gi 222 =n e(Ur— PO Vs) HOR) 5 (25) 
Ede 


Therefore the equations of 4, are 


_  R*.G@*- > eG= —8ne 8 (26) 


From these we know that S** is a symmetric energy momentum tensor 
density of the meson field. The relationship of this with the canonical one 


shall be given later. 
iii)» Transformation Group and Identities. 


Now J =| Las is invariant under the transformation groups of four 


types as follows ; 
a) the Lorentz group. 
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b) the guage transformation group, ie. 
dx=0 Shy=0 SV=A(z) BU,=Ay- (27) 


Here A is an arbitrary scalar function of 2*. 
Using the results of (i), we obtain the following relation corresponding 


to (9), 


8Diy.s,0na[ Ga) 2g (28) 
BV ox NOU, 


This means that (22) can be derived from (23). 
And corresponding to (10) and (11), we obtain 


OL OL 
+. =—() (29) 
Uy, oy, 
and 
ay D Fy OL EO (30) 
ou. OV, 


respectively. (30) and (29) mean that the U,, and its derivatives must be 
contained in J in the form U,—Vi,, and U,, respectively. Finally cor- 
responding to (12), 


) OL n) OL : 
LS =0. (31) 
Ou ( eS) ox" ( i 
Combining (31) with (28), we obtain 
RL (32) 
OV 


This means V to be not contained in Z. On the contrary it can be shown 
that if (29), (30), and (32) are satisfied, JL is invariant under the transfor- 
mation (27). 

c) Group of General Transformations of Coordinates. 

This is defined by 


OF Bae (2). 20U, =O UP =U 
om (33) 


Ra, hiy 
Ose 


0h 
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For this group, it is convenient ‘to rewrite (20) in the following form , 
m=h{ = (O,-V) UV.) + + U0} (20) 


Further in this case R is invariant as well as G. Therefore instead of I 
we can take 


1 


Sze" 


U=mM— R (34) 


as the Lagrangian of the system. Then as (9), we obtain 


aM 3M aL! Wey ae) Fi 
(0? | 
a Rindtls OC dik ee ( May tn) ey) 
and as (10) 

) EY, (36) 


Ohi,» Oty» 


That is, BR contains the derivatives of & in the form 7iv,p3= iv,p — “ip,v 
Conversely this is a proof for # to be invariant for the transformation (33). 


- 


Further more putting the coefficients of each ¢* equal to zero, we obtain 


from (6). 
3M FY, aL! 3 pes 
ee, Oe es ta 
fo ag, SE hes Oa? Lat 
aM aL! | 
ipa LOH hey — aL |=0. (37) 
Se TERE 


Especially for the case where only the gravitational field exists, 


oR a f oR 
OR, + aoe Ki oR |=0. (37) 
Bae Uekjazish Akeapumn ott 


And as (35), we obtain in this case 


aw hiny— : {<= hay} == 0. (35) 


Subtracting (35) from (37Y, 
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é {oe dia + oft hive ~ 96} =O. (38) 
0x? Oh, Ohi» 
Using the field equation 
Of mnt 
hy= —87e SF 
Deep ‘ # 
and putting 
1 ok ‘ 
“= —-—— hny— Ok (39) 
“ rel \ Odi, dialer ) 
(38) becomes 
2 S+te}=0. (38) 
EO 


This means that the energy momentum of the total system including thie 
gravitational and the meson field is conserved. ff is the energy momentum 
tensor density of the gravitational field, and is a tensor for the affin transfor- 
mation but is not for the general transformation of coordinates. Strictly 
speaking it is a pseudo tensor density. 

d) The transformation of the four legs. 

This is given by 


dx*=0 8U,=0 dhy=bahyy 


; (40) 
d6V=0 Oy,» =0 Sn= itn 


here €, is arbitrary functions of +*. For (40), FR is not invariant but only 
G. Here we do not discuss this transformation in detail. 

Now as stated above / is invariant for the four groups, so according 
to the results of (i) several identities are obtained. Especially (28) and (35) 
are important, i.e. among 15-equations of fields, (these are (22) (23) (26)), 
there are five relations as the results of (28), (35). So the remaining LO- 
equations are independent. 

Therefore the solutions of the field equations for V, U,, 4, contains 


1]-undetermined functions. But these functions can be compensated by 2 
Of (21), ba OL 40a) ney Ol awk 
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§2. Energy Momentum Tensor. 


Now consider the relation between the symmetric energy momentum 
tensor density and the canonical one of any tensor or spinor field. At the 
first we assume the field functions Q, to be spinor functions of any rank. 
Then Q, are to be defined referring to the local systems /{? at all the world 
points. 

To prove the above mentioned relation, it is useful to notice some 
natures of 4, and the convariant derivatives of any spinor functions. 

The relation of 4,’s at two neighbouring world points are given™ by 


Ky (4+ 4x)=Iiy (x)+ | gs My, Ax" + Wy nse. ax 
hit (2 + Ax)=ht (2) —L MG Ie" + Oy xs hi An, . 


Here TX, is the Christoffel’s 3-index symbol and wy, is anti-symmetric 
with regard to (4, 4) in order to hold the orthogonality characters of 4, at 
the point ++ 4r as well as at +, and is defined by the above equations, 
i.e. by the following equations ; 


iy v= Na Ov Fin 
And the convatiant derivatives of Q, are defined by 
1 
Vee=Ver— 5 Dos, tx Os Wy, sx » 
where Dax, is the transformation coefficient of Q for the Lorentz group. 
These are defined by 
dx"—0 Hip = ebay 


41 
6Q.= ; Dap,ix Six Qs Eg (4) = —F iu (*) ie) 


Now we consider a Langrangian L(Qe»r Quy) which is only invariant 
for the Lorentz group. If we substitute Qa» with 7yQsz, and introduce hip 
appropriately and multiply h=det (Aw), we can get a new Lagrangian L 
ee en 


(15) K. Husimi: cf. (13). 
F. J. Belinfante: Physica 7 (1940) 305. 
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which is an invariant density for the general transformation of the coordinates 
(41) and that of the four legs /,,. So for (41), we obtain from (9) 


SL by 
BetestG aE Sem oe O,}+ 4 ee Ne 
00. 2 (Dos.ce One, Shane! OPE ee 


Using the field equations 0£/dQ,=9 and the definition (24), 
A zk — Sp =9 (42) 


is obtained, where 
Si. = S" Heyy Nyy « 


Hereafter we define the symmetric energy momentum tensor density by 


Igy - (43) 
On the other hand the canonical one of the system is usually defined by 


oL OL 
Ty = ea ES -——— 
OG; is ss Ohis,p 


Further consider the general transformation of coordinates 


SETS os: (44) 


Rarer 230 08 thie 


0x" 


ae (45) 


For (45), we can write (13), and (14) as follows using the definitions (43) 
and (44): 


Dy=— Ti+ Sx — O38 
ee pat (ig ay (14y 
and (11) becomes | 
si T= fae oe ia sake (11y 
Now 
0 0b 800) oe ee 


Oh, 0G7C.)) One. 2 00. Orn 
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1 ~ eS ) 
7 os { Stag t+ Si ith] ie (46) 
where 
OL 
Ne Spe DO) 47)" 
i i sour (47) 
Then from (11) (14Y we obtain 
ton oh er ee 8 
aw eS 4 | = peal ae { Syuey t+ Sicigs— Sun! (48) 
a) ty 1 y 
B= — E tm | haa ib { Squcj t+ Sign coat | (13)2 


Further we obtain the following equations by the same way as those of 


obtaining (37) provided that dL/dQ,=9%, 
ore 7OL 


= oe 
Ox” Oey Sut 
And from (12) 
oS OT; OL 
=— =— Ht, oa 12 
0x” On Ohi oe 2 


Now if we neglect the gravitational effect by putting Ap=dey I =0 
@,in=09 and using the field equations, (in this case the distinctions between 
Latin and Greek indices and those between tensors snd tensor densities 
become unnecessary) we obtain the foilowing equations from (42) (48) (12) 


5 pI 
fn Td Oe 4 = { Sixes + Sitegi— Siceat 
; (48) 
OS; as aT; =0 ‘ 
0x* ox” ‘ 


where 


ee ee ise et 
* In this paper the symmetric and antisymmetric parts of any tensor are to be written as 
follows ; 
A (uv) = Apt Avy 
Atyvj=4Apv— Ave - 
(16) K. Husimi: cf. (13). 
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mae ab « i—04,L 
00.,% 3 (44) 


L=a function of QzQz,, only. 


Let 


(48)’ is exactly the same as given by Prof. K. Husimi.“” Further-more 
putting v=4 and integrating over all the three dimensional space #2? 2’, 
provided that Q, and their derivatives vanish so fast as not to contribute 
the integrals of the divergence-terms, 


4 


| Sido=Si= Ti+ ’ [ Ed= Th. 
x 


Thus the equivalence of the two energy momentum tensor densities has 
been proved. 

The above argument also gives the proof for the case where Q, is any 
tensor, if we take a spinor of a even rank as the field functions in the 
foregoing proof. But in the case of tensor field the treatment is more 
simple, so it is not vain to give a new proof for this case. 

Now we assume Q, to be a tensor, and the Lagrangian 1(Q.Q.,y) 
being invariant only for the Lorentz group. If we introduce gy,, and sub- 
stitute Q,,=00,/02" with the convariant derivatives 7,Q,. and multiply Z 
with Jz =Ydet(gy,), then we can get a new Lagrangian L=//g + L(Q,, 
V. Qe &uv) which is an invariant density for the general transformation group 
of coordinates. Hereafter we assume that Q, is a convariant tensor, and 
its transformation character is given by 


deter aQ,=—cy 0% 9, (49) 
Ox” 

where C{, is a constant tensor. Further the transformation of gy, is given 

by 

o5% og" 


ee eM 4A — 
OAV 
0x” 0x” 


Og y= — Fea 


Then the covariant derivative of Q, is given by 


Tempest 
Pe Qa= SEs — 2, CH Op. (50) 


"7 


(17) K. Husimi: cf. (13), 
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If we put €*=ct x¥(e#=—e}) in (49), the transformation (49) becomes the 
Lorentz transformation and 


é0,= aes Con ey Os . 


Comparing this with (41), we get 


1 
ci er a Patsy . 


Now we define the symmetric energy momentum tensor by 


OL ny 
and the canonical one by 
| aL aL 
T*————_ Q, , + £,v—-OCL. (51)! 
00,» Of as, / 


Then (13). (14) can be written for the transformation (49) using the field 
equations of Q, 


¥ — ¥— 7% 
i ab an (52) 
ev — ve — — — 
EX = By ( aun &ea eeke ay) 


and (11) becomes 


sma Peo QE) 


From (53), of course, it is satisfied that 


asy oT 


ox” ox* 
Further by exactly the same way as (12) we obtain 


oe; OF, él eae. (54) 


ox” x” OL es 


Now we are to culculate (53) in order to compare this result with that 
given by Prof. K, Husimi, It is written that 
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Ofsy « 00... OF ave 
Putting 
Si OG, , (55) 
00,.x 
then 
eS an { Gwe] 4 Golee]_ Geoler]) , 
vhere 


Semel Geve_ Gey etc, 
“hus we obtain 


p= TK +P 905+ 8% Sol]. (56) 
en a 
If we put gyy=O,,, then we obtain by exactly the same way as the case 


of the spinor field, 


1 @ 


Sywa= Sav =T,, +—- —— [ Scan om Some Soc| : 
4 Ox 


OSvis Oa 56 


0x” Ox / 


(97) 


These results are completely identical with (48) 


§3. The weak Gravitational Field. 


Now consider the linearization of the equations of the gravitational field 
in order to quantiz the field functions. For this purpose we assume that 
the gravitational field is so weak that it is able to put as follows; 


hin =Oin + 06 y (2) (58) 
KY =0y,— Oy (4). 
Then 
Epv= Nip hiy= Oy + € Ouy + Ivy) (59) 
er fom, = Cav s as 2 9) ) 


‘ 


h=lt+ed. 0=O., (60) 
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Meuri=! (rp,v— Ip) =e Frys ° (61) 


Therefore BR becomes as follows neglecting those terms of e higher than 
the 2nd order, 


iL. 1 1 
as R= Puruv) D ocpva fae ce O cur] Oucpva c> A. Ducver Puiver : (62) 
Further 


‘ a, ‘ 
M= a (Oy— V w)( O,— Viu)+ £ Ow Ow — Suv Tv (63) 


Lape Oe a ys) a U we Uy. 


' x i 
et bn D) URS Y On Voto CEN Un} ’ (64) 


where 
Spv=9uvt Ivp : 

Now (62), (63) are approximate equations, but hereafter let us consider 
these equations to be exact, that is, consider a system which is described 
by the Lagrangian (62) and (63). And as the field functions we take Oy, 
U, and V, which are defined in the Minkowskie space (#*=¥2, J, 2, ict). 
Therefore it is unnecessary hereafter to distinguish the Latin and Greek 
letters, or the upper and lower indices, and tensors and tensor densities. 

i) The Equations of Fields. 

As the Lagrangian of the system we take 


1 1 1 
LM — Sie {9aca0y By ive} roe Gutvo} Pytnor— Gyivo} Gycveit : (65) 


Instead of this, we can take 


Re Pe Or (Bo) | (65y' 
os ae ‘ 

But we get the same equations of fields from (65) as those from (65), so 

we take (65) as the Lagrangian in this paper, the reason for this will be 


given later, 
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Now we put as follows 


Spy= Pgs ote Og ayy= ny os Oyu 


1 (66) 
vay = > (Spy a5 By) , 
then R can be written as foilows 
1 1 1 
; R= wa [s bive] Suive)~ 5 Sufvo] Suieo] un elvoyS wer] 
1 oO 
acon ax? E Sup,e + Spv,p Fev — Spv,u Apr 
: | 62) 
ir oS (Qpv,n Fav — 2pv,p Spr) | - (62) 


Therefore in variating Z with regard to 6,, we get only the equations of 
Suv» and ay, does not appear in these equations. So ay, is completely 
undetermined. This fact is already stated in page 10. Therefore we put 
&y, out of the question and restrict the problem in the treatment of 

only. : 
Now consider the transformation of four legs corresponding (40) 


ae a ae 


neglecting the terms of e higher than the Ist order. Then because of the 
antisymmetry of €,,, it becomes 


OSur mate + Eve =0 
Bayy = Sm Ge = Deen . 


Thus in the approximation mentioned above only a,,’s are varied but ros 
are invariant and so it becomes unnecessary to consider this transformation 
restricting the problem within the behaviour of sy, only. 

Though only G is invariant for this transformation, it is sufficient to 
use & instead of G as the Lagrangian of the gravitational field on account 
of the fact just mentioned above. This is the reason for taking Z as the 
Lagrangian of the total system instead of ZL’. 

Further G is written as. follows, using gy, instead of Fup, 
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ap dR’ 
G= -_ R' + ae 
Ox" ogi ) 


R=Vge""(Uhe wef avi Sp) - (67) 
Now using (59), it is written 
Luv Gay US py , 


so in the approximation mentioned above, 


eye 


2 


1 1 1 
9 Spv,uSpp,y ga eee Suv.p— > Spp,vSuv,p gr ear (68) 


can be obtained. On the other hand (62) can be rewritten as follows, 


1 


R= Sao S : Sauces, : Soe Sa act : Sees 
tec Got pv,2Spy,y —, SpvipSav.p GO pP.vo RY TG OPP Yo BY 
e - 4 Me 4i,/° 


uted 
ee 0x? [5 Sup,y + Spvu ayy Suv, ppv 
. 1 1: : , 
so 2 (abs Qyuy— Po a, — 5 Grvsin, wp Sav, pv, ets (69) 
Thus R differs from FR’ by a divergence term. Consider the transformation 


corresponding to (33), that is, (here the order of the approximation above 
stated is to be noticed), 


or 


02% £02" 
in (H- $6) 


For this (69) is invariant but (68) is not. Therefore we must use F& instead 


of R’. 


Now the equations ot field are written as follows ; 
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O05 —OV= a9 | V —U,)—s v(V.4—U,) 
ox # Ox \ 2 VN Se (70) 


S=Syy ’ 


where 


{(T,— Vy) €5y,(U,— v)} f: <—t'(Oy— ee 


+54(1 + $s) # nln Sn Ure) =0- (71) 


For ay, we obtain only the following trivial equation 
O==0. 


That is, a, is completely undetermined but this indefiniteness can be eliminat- 
ed by the transformation of the four legs. For sy,, we get the following, 


0°s 0s 0°s. oe ; 
im : ate oh, spe Tee va ‘ Be Sei oO = 
. Ox"Ox” Ox’da* O4"dx? \ Ox%0x* i, 
= —87e7,, (72) 


where 7,, is given by (63). 
Putting p=4 v=k=1.2.3 in (72) we obtain the following, (after here 
the Latin and the Greek index represent 1. 2. 3. and 1. 2. 3. 4. respectively.) 


9 9 ° 
Ose On LU es 


Le BET NT ary CEP redid od Gadd 

Further for w=y=—4, 
O° Su A= ere 2.9 
Se tee Su: ies 


In (72), if w=E4, v=k4, then these are the differential equations of the 
2nd order with respect to the time, whereas (72-1) (72-2) are the Ist and 
O-th order. So we can consider the latter to be initial conditions for the 
former. 

In the end of this paragraph we give the following by making the four 


ensional divergence of (72), and taking notice for the left side being 
zero™ 
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on OT 


0x” 


(73) 


ii) Group of the Transformation. 

Now it is already stated in $1 (iii) that Z is invariant for the follow- 
ing transformation groups. 

a) Guage transformation ; 


8x*=0  ds,,=da,,=0 OV=A BU, =A». (27Y 


On account of this there is a dependence between (70) and (71), and so 
an arbitrary function exisits in the solution of the U, V-field equations. 
But we can put V=0 by (27). Then (70) becomes 


20s, 2_|5,0,-£-U,], (74) 


oz” oz” 


and (71) becomes 


S é 
2) Tne OL+ +_sv,} 


rent {(14£ s\n 660 Uns Tan) }=9 (75) 


ox” 


x 


(74) can be yet derived from (75), and we can interprete (74) as a condition 
for the field equations (75), because (74) contains only the Ist derivative 
with respect to the time. And this condition (74) is always satisfied owing 
to (75). Thus the number of independent components of the field functions 
decreases by unity. 

b) The general transformation of coordinates. 


- aap Hh “ a€, : 
OAny <a em i =e) 60 ,.= —el/, Ort , (76) 


where we reserve the Ist order of € for U, the O-th order for Syy A i 
For (76), Z is an invariant density in the approximation mentioned above. 


From this invariancy, we obtain thie following relation corresponding to (35), 
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dx" en OS ey ie oe 


where the equations of U are used. This is already stated in (73). 


(77) 


(77) 


means that ten equations (72) are not mutnally independent but four equa- 
tions among them can be derived from the rest. Therefore four arbitrary 
functions exist in the solution of the equations of sy, Therefore we remove 


this uifficulty by the following way.” 


Putting 


1 
Tuv=Suv— > Ours , 
hod 


(72) can be rewritten using 7 yy instead of S,, 


Ore = 0°77 up 3 OTe Ni 80 re a —87e lm > 


Ox’ Ox? Ox" dx? ga 02° 0x? 


For (76), yy, is transformed by 


oF d= oF 
my y= Se ees 2y { %p 
ie 0x” 0x” me Ox? 
Therefore 
or i 00x? = riled 
ee Fee OB HT 


Now we take &, so as to satisfy 


8Or ee 
0x” it 


then transforming d7,,/02” by (76) with above &, we get 


Shin ak! fe Oley a OF wr “Fev ) Oe 


where the transformed. quantities are expressed by a prime. 
put 


OF nv iH 


0x” 


(18) A. Einstein: cf. (7). 


(78) 


(72)' 


Thus we can 
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by using an appropriate coordinate system as shown by Einstein. In this 
case (72) can be reduced to 


O7uv= — 8767p. (80) 


But here we can yet transform all the equations covariantly by (76) 
using the following ¢, 


O2,=0 a&,/dx*=0, (81) 
provided that the above mentioned approximation is noticed. For in this 
transformation 
7) OF uv = Q 074,==0 
0x” Ox” 
and 


3 (Ore +827 p.)= -o($# + 2s) + O(e)=0. 


In the last we must investigate whether the condition (79) contradicts 
with the field equation (80) or not. Taking the divergence of (80) with 
respect to x” we obtain 


= Oru Bare OF uy 
ox” Ox” 


Because of the vanishing of the right-hand side it becomes 


re 0, (82) 


, ox 


So if we assume the following conditions at any instant (for example #*=0) 


Ww 0 wv )—0 83 
0x” 0x" vs.) cee 


then on account of (82), the condition (79) is always satisfied. 

Thus the four arbitrary functions mentioned above are restricted so as 
to satisfy the eight conditions (83). Therefore two components among the 
field functions s,, are really independent. 
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Following Fierz® the transformation 


(84) 


is called as the guage transformation of the 2nd kind. 

The results above stated are, in sum, as foilows that the meson field 
has three independent components whereas the gravitational field has only 
two. Following the results given by Dirac, Fierz, Pauli® we know that 
the former represents particles of the spin 1 and the rest mass p=tx/c, on 
the other hand the latter represents particles of the spin 2, and the rest 
mass 0, provided that the both fields are quantized with Heisenberg-Pauli s 
method, which will be discussed in (II). But the above arguments are only 
correct’ within the already stated approximation with regard to the interaction 
constant ¢ and only in the case of e=0, these are exactly correct, and (84) 
becomes the guage transformation of the 2nd kind in the strict sense. On 
the contrary if e-+0, then we must consider besides the transformation of 
Suv, those of U-field and of the coordinate system together. Therefore, 
strictly speaking, (84) is not the guage transformation in the sense given 
by Fierz. 

In the end of this paragraph we give a few remarks that if we put x=0, 
we obtain the equations for photons interacting with gravitons which were 
given by Rosenfeld.°? But in his paper, A’ is used instead of R, so this 
Lagrangian is not a guage invariant density in the sense of Fierz. Therefore 
the energy momentum tensor is also not invariant. 

On the other hand if we put U,= V=0, then we obtain the same results 
as given by Pauli,“ but he also used X’,.so his Lagrangian is not invariant. 


Department of Physics, 
Osaka Imperial University. 


(19) M. Fierz: cf. (8). 
(20) L. Rosenfeld: cf. (5). « 
(21) W. Pauli: cf. (9). 
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On the Effect of the Field Reactions on the Interaction 
of Mesotrons and Nuclear Particles. IV.* 


By Shin-ichiro TomonaGa. 
(Received July 8, 1946) 


§4. Phisical consequences. 


We shall now proceed to the discussion ot the physical consequences 
obtained by our calculations. It is true that our calculations must be more 
refined and generalized before we can draw any decisive conclusions, because 
they are based on a too much simplified model of the system (the assump- 
tion that only longitudinal mesotrons interact with the nuclear particle which 
is thought infinitely heavy etc.). But some remarkable results obtained here 
seems to have bearing on experimental evidences to which the ordinary pertur- 
bation theory could not give any satisfactory explanations. 

A :—Scattering of a mesotron by a nuc ear particle. 
As mentioned before, the perturbation theory gives the. cross-section 


for the scattering of a mesotron on colliding with a nuclear particle 


otis (4n°2? 9 (hY KRY 


-1 
ee ea Oe) 


where & and K represent respectively the momentum and the energy of 


the incident mesotron. Inserting (4) of (1- 11) we obtain 


- 


ox b4aiss OO) (4-2) 


This o depends on 4, which is determined usually in the following way: 
we determine first x by measuring the mass of the mesotron, which gives 
rise to x=1/1.7x 10*"cm™. The coupling constant g is then determined 
by the experimental data for the nuclear forces: 93/4c20.1. These values 


* The sections up to § 3 are contained in Part I (Progr. Theor. Phys. 1 (1946), 83), Part 
II (1 (1946), 109) and Part III (II (1947), 6) of this paper. 
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of x and g give then /~10-“cm. Further it seems probable that the cut- 
off momentum KK is of the order of the rest mass of the nuclear particle, 
thus K= 10x. 

If we adopt this value for /, the cross-section of a fast mesotron with 
an energy of the order of K being scattered by a nuclear particle is given 
by 

o = 640° /1K? ~ 3.6 x 10- cm’, (4-3) 
provided that the incident particle has an energy not lying in the cut-off 


region. Further the cross-section of a slow mesotron with an energy of 
the order of x is 


Colne OKI (4-4) 
These results are now to be compared with the experimental results 
obtained by Wilson“? who has found considerablly smaller cross-sections 
a@<10-* cm? (4-5) 
for fast mesotrons with energies of the order of 10° eV and 
o<10-" cm? (4-6) 


for slow mesotrons with energies of the order of 10° eV. Thus the theoretical 
results (4-3) and (4:4) are obviously too large. 

Now, our result, which is calculated taking the inertial as well as the 
damping reactions into account, is 


ara OI Se UN L109. | eee 
2 RK EK +4 (Arty (2 KAP 
- 8x {4 
KER +408 | Set 


This gives, for slow mesotrons with the energies of the order of x 


ead 5 
z. Flea - X= 29.6 X10 emt, (4-8) 


This value is smaller than (4-4) and is more satisfactory. When the energy 


(11) J. G. Wilson: Proc. Roy. Soc, 147 (1940), 73. 
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of the incident mesotron is so large as of the order of K, our result is 
inaccurate because we have neglected higher powers of A/C in our calcula- 
tion. But our result would still give a correct order of magnitude : 
ee a cm’, (4-9) 
This is much smaller than (4-3) so that it is more satisfactory than the 
result of the perturbation theory. The values (4-8) and (4-9) could be 
still reduced by assuming a still larger K. But when KE is much larger 
than the rest mass of the nuclear particle, our results based on the assump- 
tion of infinitely heavy nuclear particle becomes inaccurate, because in such 
a case the recoil of the nuclear particle can no more be neglected. 
In this way it seems possible that the smallness of the scattering cross- 
section is accounted for as due to the large inertial reaction of the self-field. 
If this explanation for the smallness of the scattering cross-section is 
correct, there is a possibility of determining the cut-off momentum inde- 
pendently of the value of /, since our formula (4:7) does not contain 4 
Then we shall find that our assumption of K=10x is a reasonable one. 
B :—Magnitude of nuclear forces and their range. 
Either of the formulas (1-26), (2-35) or (3-38) giving the self-energy 
of the nuclear particle in case of strong coupling has the principal term 


pa Lp: (4-10) 


while according to (3-52), which is the result of the perturbation theory, 
we have 


; E=—[K;}. , (4-11) 


One notes that (4-10) is only a half of (4: 11). As mentioned in § 1B 
this fact implies that the perturbation theory gives the erroneous result for 
the intensity of the self-field, the result which is too large by the factor 
V2, if this procedure is applied to the case of strong coupling without 
respect the divergence of this process in such a case. 

This fact results in that, if the coupling is strong, the perturbation theory 
gives too large values of the nuclear forces and that, if one determines 
the coupling constant g from the experimental data by using the perturba- 
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tion theory, one obtains too small a value for 9. 
It is usually assumed that g?/#ic2_0.1 and KK 2.10.x. anc singy these 


values, the parameter V defined by (3 - 40) is found: 


Reh Res Ba ae ea ae (4-12) 
‘ 4n® Fc x 2 ate 

Comparing our result obtained in §3D (see Fig. 4 and 5), this value of V 
is found not to be sufficiently small to allow the application of the pertur- 
bation theory. Thus, for the determination of the coupling constant the use 
of the perturbation theory is not allowed and the true value of gy must be 
larger than that usually believed. 

We next notice that if the coupling is strong, two parameters « and 
B introduced in (3-6) have non-vanishing values. This fact results in that 
the form of the nuclear potential will have different form from that ordinarily 
assuined, since this ordinary form e~*"/r corresponds to the vanishing values 
of « and P (provided that no cut-off process is introduced). 

According to (3-37) we obtain for #z=1/2 


i fag gs Co Spee 
Ta F7 (> >) "6. Re 
eae Big oles 
a= LK, (ee ve ee hee 


this gives negative values for both «@ and 8. The existence of these negative 


(4 - 13) 


parameters in the denominators of (8-6) results in that the range of the 
nuclear forces is considerabily smaller than that given by the nuclear 
potential of the ordinary form e~*"/r. We can thus conclude that, if the 
coupling is strong, the range of the nuclear forces is smaller than 1/z. 

If one adopt for the mesotron mass the value 200 times larger than 
the mass of the electron one obtain 1/x221.7x10-"cm, which is usually 
believed to be the range of the nuclear forces. But the situation mentioned 
above makes the range smaller even if the mass of the mesotron is 200 
electron mass. 

Now, Hoisington, Share and Breit™ have analized the experimental 
data for the proton-proton scattering and found that the range of the proton- 


(12) L. E. Hoisington, S. S. Share and G. Breit: P. R., 56 (1938), 884. 
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proton force is in fact smaHer than the above value ot 1/x. They have 
found that in order to. obtain the range of the nuclear forces so as to fit 
with the scattering data, the mass of the mesotron had to be 326 times 
the electron mass instead of 200 times. But this large mass seems to be 
very difficult to be reconciled with the mass-determination experiments, 
Our result mentioned above seems just remove this difficulty. 

If the explanation on this line of the result of Hoisington and others 
is correct, a@ and # can be determined by analizing the form of the nuclear 
potential. Although in the present stage of our theory, an accurate determi- 
nation of u and # can not be carried out, the comparison of our result with 
the result of Hoisington and others shows that these parameters are at 
least of the order of x. Thus by putting a= in (4- 13): 


] 
4.14 
ee (4-14) 


we find 


1/K 
y= (>). (4-15 
anaes oe ( x ) 
Our assumption K=10x, which is probable from the smallness of the 
scattering cross-section, gives then 


Vizba (4-16) 
Inserting this V into (4-12), we obtain 
9g /he=0.3. (4-17) 


This value of g is cousiderablly larger than the value 0.1 usually assumed, 
but it will be by no means too large, since the usual value g=0.1 is 
certainly too small owing to the error of the perturbation theory. More- 
over, this value 0.1 has been derived by assuming that the nuclear force 
has the range of 1/x. If we use here the value found by Hoisington and 
others an appreciablly larger 9 would be obtained even if we disregard the 
error of the perturbation theory. 
C :—Existence of stable or meta-stable proton-isobars. 
When (4-14) holds, (3 - 38) gives rise to the interval between rotational 


levels 
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4E ax(m——) : (4-18) 


This makes probable that the state with #=3/2 is stable. Fven if this 
state is not stable, this state will be meta-stable and will have very long 


life, because we obtain from (3 - 37) 


aera = : )=4 y (4-19) 


which is far smaller than x, and hence the wave function of this state can 
be approximated very well by the wave function not extending to infinity. 
The state with 7=5/2 will be certainly no more stable. But even 


for this state we have 


ae. (4 - 20) 


so that ¢ does not much exceed x. Thus this state will have a life sufficiently 
long to play a role in collision processes as long life intermediate state. 

According to our theory, it is thus possible that the proton-isobar with 
charge 2 or —1 will be observed by experiment. 

There are two Wilson-chamber photographs which would possiblly be 
interpreted as due to such stable or meta-stable proton-isobars. Anderson 
and Neddermeyer“® have namely obtained two such tracks which are hardly 
accounted for as belonging to any of known elementary particles. 

One of them* has a range corresponding to the energy of 1.5 McD, 
if the particle were a proton. But if this track were really due to a proton, 
its radius of curvature had to be 20cm. The measured radius is, however, 
only one third of 20cm. 

The other thick track* has Hp of 1.4x10° Gauss cm. (#7 is the ap- 
plied magnetic field, and p the radius of curvature of the track). If one 
assumes that this track is due to a proton, this A corresponds to the 
energy of | MV. If, now, this assumption were true, the range of the 
track had to be 2cm. The observed length of the track was, however. 
more than 5.cm. 


(13) C. D. Anderson and S. II. Neddermeyer: P. R., 50 (1936), 263. 
* Anderson and Neddermeyer. Fig. 32. 


On the Effect of the Ficld Reactions on the Interaction ete. 69 


We shall now examine whether these tracks can be interpreted as 
belonging to our proton-isobar, which has, according to our theory, a mass 
roughly equal to the proton mass and a charge —é or 2e, or eventually 
some other integral mu!tiple of ¢. 

We examine first the second photograph of Anderson and Neddermeyer.* 
We assume, thus, the charge of the particle to be xe, x=, 2 yea. 
Since Hp is proportional to the momentum of the particle and inversely 
proportional to the charge, the energy of this particle must be 2°x1 MeV. 
Next, when the mass is constant, the range of the particle with a specifid 
energy is inversely proportional to the square of the charge. Therefore, 
the range of the particle under consideration is given by 


R= R, (ex 1 MV), (4-21) 


where R, (27x 1 MV) is the range of the proton of the energy 2x1 MV. 

If we put +=2 in (4-21), we obtain A=5.8cm, since we have 
R,(4MeV)=23 cm. This result does not at least contradict with the ex- 
perimental result: A> 5cm. Thus the second track observed by Anderson 
and Neddermeyer does not, at least, exclude the interpretation that this 
track is due to the proton-isobar with charge 2c. 

If we apply the same consideration to the particle of the first photo- 
graph,* a very large + is required. In table I are given the values of 
p for several values of * calculated by using the observed value of the 


Table I. Values of the radius of curvature for various values of x, the charge of 


the particle being re. 


x 0.55 x 0.50 x.0.46 x 0.43 


range. Thus, for x=1 the table gives p=20 cm as mentioned above. The 
table shows that p is still larger than 20/3cm even when # is so large 
as 7. Thus the first track seems to be hardly interpreted as belonging to 


our proton-isobar. 


ee ee ne 


* Ibid. Fig. 12. 
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No heavy tracks having negative charges have been yet observed. 
Thus there is no evidence for the existence of the proton-isobar with the 
charge —1. But such a particle will, even if it does exist, be captured 
soon by the coulomb attraction into the atomic shell, so.that there will be 
less chance to be observed in a Wilson chamber. 

In concluding the article, we notice the following fact. If the coupling 
between nuclear particle and mesotron field is really so strong that the 
stable or meta-stable proton-isobars can exist, it is probable that also other 
atomic nuclei have several state each corresponding to the different state 
of motion of the mesotrons bound in the nucleus. This situation corresponds 
to the existence of various electronic states in the molecule. Then these 
excited “ mesotronic states’? will probablly have the excitation energies of 
the order of 10°~10%cV. over the ground state. The energy supply of this 
ammount will then cause the mesotronic excitation of a nucleus and, as 
this state will be unstable, this process will be followed by an emission of 
slow mesotrons. It is also probable, according to Franck-Condon principle, 
that the mesotronically excited nucleus has a very high temperature so that 
an evaporation of protons and‘ nutrons will takes place after the mesotronic 
excitation. In the case where this excitation is caused by an incident 
photon, it is probable that the cross-sections for such processes are rather 
large compared with the cross-sections of the ordinary nuclear photo-effects 
because the latter cross-sections are exceptionally small owing to the lack 
of dipole moment in the nuclei. Such phenomena would have some bearing 
on the production of slow mesotrons as well as slow protons and neutrons 
in the cosmic rays. 


This article was prepared as the report to be read at the symposium 
on the mesotron theory which was to be held in June 1943. Since this 
meeting has been prolonged, the article has been published here. In working 
out the article I am indebted much to Mr, T. Miyazima, Mr. H. Jen, Mr. 
S. Kanesawa and Mr. T. Tachi for various discussions and assistances. I 
owe much also to Mr. M. Taketani in preparing this article. I wish to 
express my sincere thanks to these colleagues of mine. 


Department of Physics, 
Tokyo Bunrika Daigaku. 
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§1. Introduction. 


Dirac introduced,” some years ago, the idea of “ general transformation 
function” in connection with Lagrange’s extremum principle in quantum 
mechanics, neither giving any rigorous mathematical deduction nor caring 
much for the condition of existence for such a quantity. Yukawa was the 
first in this country to imagine a possible important role this quantity would 
play in the future theory of physics. 

The aim of the present paper is to formulate mathematically the so- 
called general transformation function in both classical and quantum mechanics, 
and especially to discuss its existence problem. A new point of view will 
be developed in this paper, according to which physical phenomena are 
traced in any arbitrary direction in the space-time, contrarily to the ordinary 
physical theories which deal only with their development in time. Our 
formalism will show clearly to what extent time can be treated symmetrical- 
ly with space coordinates in the framework of the current relativistic quantum 
theory of fields. The final result of the so-called ‘‘ Uebermehrzeittheorie,” 
which Tomonaga™ has arrived at rather by a detour, will turn out to be 
essentially identical with a special expression of our formalism. Some sug- 
gestions will be made at the end of the paper as to a possible future revi- 
sion of the field theory. 

Part I wil! contain mathematical preliminaries and the classical formu- 


(1) Read on Nov. 19th 1944 before the Symposium on the theory of elementary particles at 
the Second Faculty of Technology, Tokyo Imperial University, Chiba. The essential 
ideas of this paper were published in Japanese, Kagaku. 14 (1944), 138. 

(2) P. A. M. Dirac, Phys. Z. USSR., 3, (1933), 64. 

(3) H. Yukawa, Kagaku (in Japanese), 12, (1942), 251, 282, 322. 

(4) S. Tomonaga, Progr. Theor. Phys. 1, (1946), 27. 

, Bull. I. P. C. R. (in Japanese), 22, (1943), 545. 
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lation of the general transformation function, and Part Hi the quantum 
mechanical formulation and a discussion of the existence problem. 


§ 2. Mathematical Preliminarics. 


i) Notations concerning functional analysis. 

If a quantity y is determined when a function x(€) is given throughout 
a certain continuous domain of the independent variable ¢, y is called a 
functional of the function #(€) and written 


y=S[4®)]- (4-1) 


y may be regarded as a function of a continuously infinite number of 
independent variables x which are labelled by the index €. If there are a 
continuously infinite number of such y's, which are labeiled by a parameter 
4, we denote it by 


yM=s146; 7], (2-2) 


y being a functional of what stands to the left of the semicolon, and an 
ordinary function of what stands to the right of the semicolon. It is easy 
for physicists to understand the meaning of the derivative of the functional 
y[x(€)] with respect to its argument function x, if we write 


y¥{x(€); &J= sie im Ale) +06 F—€&)|-slz)] po atQe3) 


E>0 € 


where 0(€—€,) is Dirac’s d-function with argument €—£,. Note well that 
y in (2-1) is a number, whereas y’ in (2-3) is a function of €,, €, being the 
point at which the differentiation is made. It is worth.while to see how 


the derivative is changed when the independent variable & is transformed 
into another (=¢(€): 


et a ns pesos 
dx (C,) ox (§) ( dt ie ; (2-4) 


where (:=€(6:). This rule is easily verified if we remember that 6(¢)@t= 
6(€)a§, which follows from the definition of the é—function. 

Repeating the operation (2-3), we obtain the derivatives of higher 
orders, For instance, the second derivative is given by 
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me(e)- &, &)a— OY im PEO) +8 E-&) ; Fi) -y THO) 5 & 
Tie) ts, BelGOstG ‘ ce 


(2-5) 
in which we can exchange §, and €, without altering the result. 


The case we often meet with is that in which y is given as a definite 
integral : 


we@]=] at fa (-2) (2-6) 


In this case, we obtain the formulae: 
/ - hs a dy doe / fe | fo 
lx (6); &J=| 4 8 E-6,) + —— mea) a, (2-7) 
Ox dx’ 


yx); &, a] {oe 3(€—€,)8(E—6) 


+ vf [a(E—€,)0(E—€,) +8 (E—4,) O(E~ &)] 


x02" 


d°y (2-6) 0 (FF) ba 2.8 
+2% og -8) 86 ED) ae, (2-8) 


of which the first one can also be written in a more familiar form: 


¥{e®; j=| 22-2 3 


2.9 
az Ox" ace) 


t=ti 


We must, however, remember that not all the functionals we deal with in 
this paper are of the type (2-6). 

Returning to the general case, we may extend the Taylor expansion 
theorem in a form applicable to functionals in the following manner : 


y[x(E)+exrE)J=r[ro(F)] +e \7 [x0(€) ; E,] 7 (§:) ce, 
ri om {J yLxole); En Gel x(G)xE.)dr db, 


ihre (2-10) 


where the integrations are extended over the domain of definition of the 
independent variable ¢. 
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We have here considered only functionals containing one argument 
function x(€); the necessary generalization for functionals of more than one 
argumenc function will involve nothing essentially new. 

ii) Curvilinear coordinates in the Minkowski spece. 

We introduce first the rectangular coordinates =x, 7 =*y =X, 
x°=—2x,, so that the line element ds of the Minkowski space may be 


written in the form: 
de =dx +dx* +d —dx =dx, dx", (2-11) 


where the current summation convention for the index appearing twice is 
adopted. 
We now take four real functions €* of x’, 2°, 2°, 2°: 


ce EH (x), (2-12) 


where x without index stands for all the four +*. We may use &* as 
coordinates, unless the Jacobian determinant 


zai (2-13) 


vanishes in a continuous domain. 
The x*-component * of the normal to the surface ¢¥=const is given 


by 


ee (2.14) 


Or, 
According as the quadratic absolute value: 
ny ne (2-15) 


of n“ is positive, negative or zero, we say that the surface £”=const is 
temporal, spatial or isotropic at the considered point. If the surface ¢’=const 


osculates the light cone, the normal to the surface at the point of osculation 


has absolute value equal to zero; the normal to the light cone lying always 
in the light cone itself. 


We may speak of orthogonal curvilinear coordinates, if we have every- 
where 
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BE OR yo yeiky (2-16) 
Ox, dr" 


We do not, however, always assume the orthogonality of coordinates in the 
following discussion. 

If the (3-dimensional) surface ¢¥=const is partly temporal and partly 
spatial, there will be a (2—dimensional) curve, on which the surface is 
isotropic, i.e. a curve on which 


ae ae” (2.17) 


Or, 20s. 


holds. This relation (2-17) combined with the orthogonality condition (2-16) 
gives readily 


ae, &, 8) _o (2-18) 


PAL a2 > 0% 
Olt pe ets 


on the above said curve. The geometrical meaning of this result is easy 
to understand. It is also clear that the light cone cannot be used as one 
of the four mutually orthogonal coordinates. If one of the four orthogonal 
coordinates &*, say €°, is everywhere temporal, the other three €' (i=l, 2, 3) 
will be everywhere spatial. 

Example: Let us take coordinates : 


Eyl yt, (2-19): 


which are obviously orthogonal. The Jacobian is given by 


ols, = ieee : ‘ 


which vanishes on the light cone. 


§3. Variation Principle. 


There may coexist different kinds of fields, either tensorial or spinorial. 
Let «* be a component of any kind of field, « specifying the component 
and the kind of the field. (4=1, 2,...). If 4 is dropped from the symbol, 
it is only to save writing all the w’s. 
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We do not deal with the transformation character of ~ with respect to 
the coordinate changes, which will constitute an independent problem. We 
denote the derivative of * with respect to x by 


i= (3-1) 


We postulate a variation principle for the integral taken over a definite 


four dimensional volume : 
lig 9 sé 9.) 
I [u(x] = Was meat ae; (3-2) 
where the integrand &, the Lagrangian, is a certain function of “*, w%, 
(4125.35 pHi, 2.3.0) anda! pe, ape 
Ae SG SU AD 2 (3-3) 
From the extremum condition : 
vr=0, (3-4) 
where Z is considered as a functional of the functions u(x), follow the wave 
equations : 


a ae ee = 0, (a5, 2...) (3-5) 


if the variation of ~’s on the boundary of the volume of integration is 
supposed to vanish. 

Using a system of curvilinear coordinates €=£(x), we introduce a new 
Lagrangian Z by 


d(x) 
fe , ’ r =e ’ 5 
(u, us, €) YG (3-6) 
where 
« _ Oxf O( 4) O(a, a 3s) : 
oe gees POE, hls Gee) biel, 


Then the stationary condition (3-4) will give the wave equations : 


or ol (i) ol 


ee eS ee eee : 
ous(2) Ou* OE” One, Caw sh ah ae 
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Equations (3-8) are not the covariantly transformed forms of the original 
equations (3-5) for the new coordinate system, because we do not effect 
any transformation of the components #. Equations (3-8) are the same 
equations as (3-5), so long as the Jacobian 0(4)/0(¢) is finite. This is 
easily seen if we notice that 


3H * 7G) }=0. (3-9) 


In (3-8) the integral Z is considered as a functional of the functions 
WCE), 1. ¢ 


I{u(é)]= \z Con (3-10) 


Now we want to pass to an analogy with the formalism of the mechanics 
of mass-points. For that purpose, we must take out one of the four coordi- 
nates 7, say €°, and assign to it a role similar to that of time in the ordinary 


mechanics. We shall call this coordinate : 
s=0° (3-11) 


the ‘observation parameter.” We observe physical phenomena not ex- 
clusively in their development in time, but in their development in any 
arbitrary direction in space-time. We shall discuss, at the end of the paper, 
how far the observation parameter can be arbitrarily chosen without inter- 
fering with the current theory of relativity and quantum mechanics 

Using a Lagrangian functional L which we obtain by integrating ZL 


“ 
Oe 


over three variables =’, ¢°, €: 
Saba] 5 yi J=| Ze, ny 6 yao ae de” 5 (3-12) 


we can write the fundamental principle (3-4) in a form similar to the 
Hamilton principle of point mechanics : 


a[ Las=0, (3-13) 


from which follows 


Pee 6. ME (3-14) 
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Since we have obviously 


PEs OE art 0 ppt Pie tn Gaolhi28) 

Pu® ou" Og One; (3-15) 
OL _ aL 

out ue” 


equation (3-14) is equivalent to equation (3-8). 

Equations (3-13) (3-14), having a similar form to the Hamilton and 
Lagrange principles of point mechanics, allow us to pass to the canonical 
formalism. Introducing the moment 7, conjugate to “* by 


eae a ae (3-16) 


ies oer 
and the Hamiltonian density function by 
H=7,ue—-L, (3-17) 
we can define the Hamiltonian functional Hi by 
H{u, z; s|= | Hat ata = | nyu af dé a—L,. (3-18) 


The canonical equations can now be written, following the same deduc- 
tion as in point mechanics, in the form: 


Ou" pa OH 
Os Un, 
a (3-19) 
Om, OT 
ds Ou, 


In the definition (3-16) of 2,,.the functional J is differentiated with 
respect to the argument function #$, which in turn is regarded as a function 
of the three independent variables ¢. If we use a new set of independent 
variables €’: 


fae *(CU cee (<=T;2, 3) (3-20) 
instead of ¢, we obtain as the conjugate moments 


ey A YG 


SUI RE 3. 
aur dus 88", &) on 
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[See above (2-4) in the mathematical preliminary.] If we perform a trans- 
formation s=s(s’), we get 


pew OL) geO O1ME aes ds 


= ex 
uy, Onweas ads 


=T, (3-22) 


showing that the conjugate moments remain unchanged, unless the surface 
form s=const is altered. [Z’ is the transformed Lagrangian function. ] 
Hence we conclude that the quantity : 


1, a2! ae de (3-23) 


is an invariant for transformations which do not change the surface s=const. 

The formalism of this section is a generalization, to the curvilinear 
coordinates, of the formalism which Heisenberg and Pauli used in their 
quantum theory of fields.“ The essential difference, however, lies in the 
fact that we describe here the field phenomena in their development along 
the observation parameter. 

We want to add a remark with regard to the applicability of our 
formalism. In order that we may pass from the Lagrange formalism, in 
which u, “, are the variables, to the canonical formalism, in which #, 7 are 
the variables, it must be possible to solve definitely 7,=7.(%, %s) (3-16) 
with respect to #,, irrespective of the values of €. In other words, all the 
z’s should be independent of one another everywhere, which amounts to 


the condition : 


9%, Me, T+) 4.0 (3-24) 


OU, ts, H---) 
or, in virtue of (3-16), 


bah ee 1S 
det ( O72 Oz} )+9 Ao eo 
where the determinant has rows and columns labelled. by « and f. 

It would be a tempting point of view to consider 7 as more basic 
physical quantities than 7, and to attribute more significance to the deduced 
canonical formalism than to the Lagrange formalism which was the starting 
point. Then the failure of the condition (3-25) would rather mean the 


(1) Heisenberg and Pauli, ZS. f. Phys. 56, (1929) 1. 
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inadequacy of the Lagrangian formalism. 
Example: For the Lagrangian : 


Ep PANG 68 (3-26) 
Or. 604, 
the condition (3-25) becomes 
let =e Or ae Os Os Se) 26 (3-27) 


If the coordinates are chosen so that the Jacobian 0(.°)/0(¢) does not vanish 
anywhere, this condition may be written 


PAM ete) (3-28) 
aa 


which means that the normal to the surface s=const must not be an 
isotropic vector. Since the light-cone is isotropic everywhere in the space, 
the condition fails at the points where the surface s=const osculates the 
light-cone. If we use, however, an orthogonal coordinate system, the 
Jacobian in (3-27) will: become infinite at such points. See (2-18). For 
instance, if we use the coordinates (2-19), we have 


Os Os 2 oe 


£3 —_ 3-29 
Ficeatl P Sice Md ern 
and 
d(x) or 7 on: Q « 
ee | oes Bee 5 3-30 
aa) (4 4) ( ) 
so that 
det=1. (3-31) 


§4. Theory of Canonical Transformation. 
The condition that a transformation : 


a= ue(U', IT; §, 5} ) 


TT He ea ae ie 


from the canonical set of variable functions uw, 7 to a new set of variable 
functions U, /1 be a canonical one, is given by 
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OW Ow 
c=; Di ore a 4°29 
Ou" ou eas 
Rear : (4-3 
ds 
with the help of a generating functional : 
Was (ish. | (4-4) 


where K is the Hamiltonian functional for the new set of canonical variable 
tunctions. 

The equation, which in our case corresponds to the Hamilton-Jacobi 
equation, can be obtained by anulling the transformed Hamiitonian functional 


KK, i.e. by putting 


Hw, ET OU By (4-5) 


The functional equations, which we mect ordinarily (for instance integral 
equations) are relations aiming to find out a function which should satisfy 
the said equation. Equation (4-5), on the contrary, is a relation requiring 
to find out a functional W, irrespective of the form of the argument functions 


n, A perfect solution : 


Wu, v; 5| (4-6) 


of equation (4-5) will then contain a set of constant functions “°(F, ©, >). 
With the aid of such a complete solution, the solution of the wave equation 


will be given by 


e OW 
. =————_ 
ou® 
oW Fe 
hg ’ (4 i ) 
oy" 


where 46 (&', €, &) are integration constant functions. 

It is for the time being hopeless to develop a general theory of 
functional solutions of a functional equation. But in the case of equation 
(4-5), we can fortunately obtain a solution in analogy to Hamilton’s 


principal function. This solution can be written 
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Which sh)8 bse} 5 sj= | bubs. (4-8) 


+0 


u*{s} is a function of £1 & S in the sense of the definition (I- ly; the s 
in the curved brackets means that the values of #* of the actual field on 
: ae ee 

the surface s=s should be taken. On the right-hand side, the integral 
should be taken with respect to the field which is the solution of the wave 
; pan ; a ’ a —* 
equation satisfying the boundary conditions given by the values (5), 4% {S0;- 
) 
} 


. > { 7 
In order to clarify the dependence of W (4-8) on w{s}, #159; and s, 


we introduce a parameter ¢, a function of s, by 
( 
S=SBAD) aye ee) (4-9) 


and write the right-hand side of (4-5) in the form: 


6 a : ; 

\ L| Ou (/& . ‘| ee oes | M [ oe 3 iss a nage 
da / aa ds J Oa a 

Ch oy 


(4-10) 
If we take the variation of this integral, Kuler’s expression with regard 
to wand s will vanish, for the actual solution of the wave equation is 
substituted in the expression ; the remautder will be 


We | \ exes due (dé) 


0 
++ 


ry 


a do. (4-11) 


Since we do not vary the value of s at o, this will become, in con- 
sideration of the definition of WW, 


jW= \( el BPS <6: 3 \(34) du { sy} (d8P 
Hy Sai, 


( 
WI MS 6 


+ ln -- \ ae die Wy'| Hs (4-12) 


our 


Hence 
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IW 5 
ik i ) =, {5} 


due {s} ue 
OW 
Se Be tl . 
fee ee (4-13) 
OW OL 
epee il pig thee 
~ Sie us (ds)' IT, 


which relatious show that WV of (4-8), in fact, satisfies maria (4-5) (4-7), 
the values of « and z on the surface s=sy playing the role of the transform- 
ed canonical variables. 

The variation in W, as the result of a small change in 5, is caused as 
well by the explicit s in W, as by the intermediary of u(s). So we get, 
by combining the first and the third relations of (4-13) 


LOW 4. | OW ue (8) 2 — Ht [rag(asyaL, (4-14) 
ds On” 


which is an evident relation in view of the definition of W in (4-5). WV 
is the generating functional which makes possible to deduce the state of the 
field on s=s from that on s=5. 

The generating functional W, as a definite integral, is identical with 


the integral (3-2), 


Wf] \ Lap dS de as = \ Ldzidxurdzrdz’. (4-15) 

For the generating functional, however, the actual motion i.e. the solution 
of (3-5) must be substituted in the expression. This quantity is a relativistic 
invariant, which is determined solely by the values of « on the boundary 
of the four dimensional volume. W is a functional of the field quantities 
u(4'€*) on the boundary which is formed by two hypersurfaces s=59 and 
5225, 

We can also express this result in a more unified formalism. We 
choose the observation parameter s in such a way that we may regard the 
whole boundary surface of the considered volume as a single surface s=const, 


and the integral (4-15) as a functional solely of the field quantities «{s}{: 
W [u{s}; 5]. (4-16) 


The surface s may be either closed or open in a certain direction. 
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Then the two equations of (4-13) will be united in a single one: 


Bp eimedd oc (4-17) 
du*{s} 

where 7, is still defined by (3-16), but the increasing sense of s will now 

be directed from inside toward outside of the volume. 

The functional W, in this interpretation, loses its meaning as a trans- 
formation function between two values of the observation parameter ; it 
establishes a relation between « and 7 at every-point on the boundary. 
This quantity (4-16) corresponds to Dirac’s general transformation function 
in the pre-quantumtheoretical frame-work. 

If we were merely concerned with the final result (4-17), our deduction 
would be an useless detour. When we deduced the wave equation from 
the variation principle, we assumed, in fact, that the variation of the w’s 
on the boundary should vanish. If this had not vanish, we should have 
obtained as the variation of I 


‘ 


or | Ze Oe di aP dh + \( ee ae des \du8 de de dBd®. 


= On" Os” Oi, / 


us 


(4-18) 
The second integral will disappear for W, for the wave equation will then 
be satished. Hence we have 
ON, es On 
Sue Ga £26) Out 


=f, ; (4-19) 


which is equivalent to (4-17). Our deduction in accordance-with the theory 
of canonical transformation will permit us to pass to the quantum theoretical 
re-formulation of the present theory. 

The general transformation function W (4-16) is a functional of .«(¢'& 
&). If we introduce a transformation of coordinates : 


SME (EEE), 21, 2,3 (4-20) 


the functional derivative of W with respect to its argument function # will 
becoine, in a similar way to (2-4) 


ow OW EEE) 
wu(@) He) OER) ” 


(4-21) 
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showing the same transformation character as the momenta z,. [See (3-21).] 


. eee Sar Lak - : : ; ’ ; 
So our final relation (4-17) will obtain an-invariant meaning, if we write 


yet pe) eB 
Toi Se gee = 


unless the surface s=constant is changed. (4-22) remains unchanged for 
a transformation s’=s'(s). 

The vital question for the formalism here developed is as to whether 
it is always possible to satisfy both requirements which the definition of 
WW imposes: namely (i) that the field quantities have. the given values on 
the boundary and (ii) that the z's satisfy the wave cquation in the domain. 
If the Lagrange function and the form of the boundary surface are given 
in such a way that it is impossible to assign arbitrary values to the w’s on 
the boundary, the functional derivation will lose its sense, and the whole 
theory will fail. This problem -will .be discussed at the end of Part II of 
this paper. 


$5. Some Properties of the Transformation F un¢tional. 


i) Additivity of the general transformation functions. 
Analogously to point mechanics, if two transformations 


uw, 7—>2', 7 


and a, wt’ —> ull, a 


are canonical, and if they are derivable from the generating functionals 
W'[u, 2] and W"[a’, w’] respectively, the resultant transformation 


- uv, 7—>ul!, mn” 


will also be canonical and derivable from the generating functional 
We, 0! J=W' [av w+ Ww" [e, 2’). (5-1) 


The additivity shown by (5-1) is closely connected with that beautiful 
property of the general transformation functionals, that they are expressed 
by a volume integral. It is warned, however, against a false conclusion 
that this additivity should mean that the group of canonical transformations 
is an Abel group. It goes, of course, without saying, that infinitesimal 
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canonical transformations are commutable. 

ii) Infinitesimal transformation. 

In order to sce how the canonical variables change with an infinitesimal 
change of the observation parameter, it is more convenient tc introduce a 
generating functional, which is functional of 7 and U (or m and /1), instead 
Of AGRO Ss by 


W? [1,5] =W— | wt. (a3) (5-2) 
Then the canonical transformation will be given by 
OF ve TH 

ee ; Lf ee = (5-3) 
Un, vie 


If we take Les as JF, we-get 
We | U*(dey'— Was , (5-4) 


> at} _ cies. =” : : ss 
and equations (0-3) will then engender the canonical equations of motion: 


On" n*—U* ET 


as ds Uz, 
Ong 2 Fee eae) 
Os as 2° 


iii) Conservative system. 

If we Iect the Lagrangian function % [not Z; sce (3-6)] contain all 
the fields er interactic Sui i ici 

elds under mutual interaction, Y will become, in general, explicitly 
independent of spatial and temporal coerdinates. In such cases, the Lag- 
. . : X 2 
rangian Z will depend on $* only through the Jacobian 3(1)/a(8) in (3-6) 
If we choose coordinates such that 


S {tees | 


— : =). 5.6) 
0” 0(é' EP e _) (v 6) 


the Lagrangian Z will be independent of the observation parameter. 
Let us assume that FT does not contain explicitly the observation 


arameter————a) case 5 te i 
parameter a case analogous to the conservative system. If we put 


Wle; s]=—Bs+ Plu], (5-7) 
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our Hamilton-Jacobi equation (4-5) will take the form independent of the 
observation parameter : 


B(x, |=8 (5-8) 


ou 


A complete solution of this equation V[v, #] will allow us to solve the 
problem by 


T= At ’ 1. oe ’ 
ue (2 
Ai (5-9) 
RY ae OV 
SE 


Ein (5-8) is a constant of motion along the observation parameter. Hence 
we have, for two values of s, 


His\=H {s,!. (5-10) 


If the observation parameter coincides with the time coordinate of any 
Lorentz frame, the Hamiltonian H will mean the total energy, and the 
constancy of £ is equivalent to the conservation of energy. If, on the 
contrary, the observation parameter is spatial, the Hamiltonian density /7 
will mean the pressure perpendicular to the surface s=const. If, tor instance, 
s coincides with one of the spatial coordinates of a Lorentz frame and s=., 
=y, P=er, &=7, the Hamiltonian 


H=\ Hdydzat (5-11) 


will then mean the 2-component of the total momentum received in course 
of time by ‘the positive side of the plane x+=constant from the negative side. 
Fhe constancy of £ along s=+ will then be interpreted as expressing the 
nullity of the +-component of the total momentum, aquired by the volume 
bordered by two values of 4 across the both boundaries. When the obser- 
vation parameter is a curved coordinate, it is difficult to express the meaning 
of the relation (5-10) in the current terminology of physics. 

iv) Perturbation theory. 

Let us assume that the Hamiltonian functianal H' consists of two parts 


HI, and H’: 
H=H)+ HH’ (5-12) 
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We can, then, by an adequate transformation, introduce a new set of 
canonical field quantities, whose dynamical. change with the observation 
parameter is governed only by HI’. The perturbation theory, which will 
play an important role in the quantum mechanical formulation, is based on 
this possibility. 

For this purpose, we have only to put the transformed Hamiltonian 
functional K in (4:3) equal to IL’, i.e. 

K=H+ 3S ae (5-13) 


Ai 
or, in consideration of (5-12), 


OW the 


Ss 


iT, + (5-14) 


The generating functional W is the solution of the Hamilton-Jacobi equa- 


tion: 


0 (5-15) 


r 4 7 Te 
H, | sa fy s| ie ‘oa 
Vit 


Os 


The new set of field variables U*(€), //.(€), which are connected) with 
the original ones by 


LA 


Out ’ vue 


(5-16) 


fe? 


would be constant functions of &', &, € if FY’ were absent. These new 
variables change with the observation parameter according to 


aU sae oH! o/7, seen 
Os ~ Osta Ya gael 


(5-17) 


The Hamiltonian HZ’ in (5-12) is supposed to be written in terms of w*, 
m™,; the same quantity in (5-17) should be expressed in terms of U*, JI, 
by the help of (5-16). 
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On the Modification of the 

Hamiltonian of a Nuclear 

Particle due to its virtual 
Dissociation. 


The wave function of the nuclear particle 
is assumed to satisfy the Dirac equation in the 
contemporary theory. If we assume the meson 
in interaction with the nuclear particle, each 
state of a nuclear particle must be distorted 
by a partial superposition of states with coexist- 
ing mesons. Thus, the normalized eigenfunction 
of H+ 7im4H"™ belonging to its eigenvalue 
£4, is given by 


ae 
+ Yd or 441. 
Eoa€ia 
Hip 
+) eit EITAETA ee) CL) 


where /7”-and /” are respectively the Hamil- 
tonian of a nuclear particle and mesons, 7” 
is their interaction. and 7x is a normalized 
eigenfunction of H”7+H™ belonging to an 
eigenvalue Ex. A and O are the states in 
which there is no mesons, 4 being not included 
in the set {0}. JZ and // are the states in 
which there are ‘respectively one meson and 
two mesons. The “denomimator Exy means 
€x—E€y, the matrix element Ixy stands for 


(wx, Hay), and Na is the norm of the 
parenthesis of (1). It can be proved, using 
the explict expression of firm, that the set 
{0} does not include a state such as Ey=Ea- 

If the system is placed in an external .field 
(e.g. a magnetic field), the total Hamiltonian 
can be. written in the form Fl= H+ 71" 4+- 
From HH’, The matrix ¢ element of this Hamil- 
tonian with respect to the set {a} is given 
by 


! 


Fae 
4 % ET / rst 

> Gare fie, et i ie Ayr Hii ) 
Ere Era 


is y AS Ei dT MD 


(gr, Hpaj=La drat 


1h " 
i Enne€ra 
Ppa mm. , 
+E 7 fp 71 2414 
Pebil fet Rime ects 
Erm Erie 


‘1, echitees TA ) 
ao s£ 
Ena ETA 


. ees Hie Le ae, 
Ein €or 


nM. RY 
Hi, L ol Lave )+ 
Eo0a EIA 


A linear operator is completely determined by 
its matrix elements. Accordingly, if we can 
find an operator U such that adnate, Uv a. 
is equal to (dr, Awa), where vA is a normaliz- 
ed eigenfunction of 7” belonging to an eigen- 
value €4,-the part of U not included teu kG 
represents an apparent modification of the 
Hamiltonian of a nuclear particle when mesons 
are ignored. This method will be referred to 
as a method of dissociation. 

A nuclear particle has its surplus magnetic 
moment justin this way. Recently I (1) deduced 
such a surplus Hamiltonian from transitions 
of the total system. In this method, we con- 
sider the time dependence of a wave function 
v(t), of the total system, satisfying an initial 
condition ga‘0)=7a. It follows. from the 
perturbation theory that 

—ient__ teat 
(an, pa(4))= IRA 5 po , 
Era 

(3) 
for a state # different from 4. The cae 

expression of a@74 was given by (1-1) in (1). 
U is calculated by equating vza 2nd (vn, U7 4 
This method will be referred to as a method 
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of transition. Its applicabil:ty is restricted by 
several conditions. One may doubt the ad- 
equacy of the method of transition, for the 
calculation in (I) involves the perturbation 
terms np to the third order 

The method of dissociation seems to be 
preferable because of the legitimacy of its 
principle. Comparing (2) with (4-1) in (1), 
one find their difference in their denominators. 
My recalculation shows however that the 
surplus Hamiltonian of a nuclear particle in 
a magnetic field is the same in both methods. 
The term corresponding to the last sum of 
(2), in which A is replaced by an interaction 
between a nuclear particle and a magnetic 
field, was omitted in (1-3) of (I). The reason 
for it was not explained in (I). The catcula- 
tion shows that this term has no contribution 
to the required magnetic moment. 

Another method of calculating the surplus 
Hamiltonian is an adiabatic method. The 
theory of the atomic valence is exclusively 
based on this method. This method is ad- 
equate only in the Schrédinger approximation, 
and it can not be applied to the problem 
discussed in (1), whereas the nuclear potential 
can easily be calculated in this way 


Department of Industrial Chemistry, 
Kyoto Imperial University. 
June 21, 1947. 
G. Araki 


(1) G. Araki. Prog. Theor. Phys., 1 (1946). 1. This 
paper will be referred to as (1) 


Some Considerations about the 
Production of Kiéson Showers 
in Maiter. 


Heitler and his colaborators calculated the 
cross-section for the production of mesons in 
high energy nucleon-nucleon collisions.) The 
found thus a very large cross-section, such 
large one that it exceeds the square of the 
range of nuclear forces. Since it is to be 


y 
a 


expected that two nucleons not approaching 


nearer than this force range cannot interact 


at all, Ileitler’s interpretation for this large 
cross-section seems not to be adequate. In 
fact, because their calculation is based on 
Weizsicker and Williams’ idea, the value 
they found gives, properly speaking, only the 
expectation value of the number of produced 
mesons and not necessarily the probability of 
Thus, the 
fact that their cross-section exceeds the square 


a single meson being produced. 


of the force range implies that several mesons 
are produced in a single act. 


If we re-interprete Heitler’s result in this 
way, the consideration of Janossy@) must be 
modified, since this was made following Heit- 
ler’s idea. To do fhis we assume tentatively 
that the cross-section o of the production of 
mesons by a high energy nucleon is always 
of the order of the square of the force range. 
The multiplicity y nf the droduced mesons is 
then given by dividing Ilieiler’s cross-section 
by o. Since o is larger than the geometrical 
cross-section per nucleon in the nucleus, the 
incident nucleon hitting the nucleus produces 
a meson shower with the probability unity. 
This results in that the probability of the 
occurrence of the phenomena in a layer of 
the thickness x g/cm? is P(*)=1—exp(Wae, 
x/A'/3), where 4 is the atomic weight of the 
material of the layer, MW the number of 
nucleons contained in its unit volume, and So 
the geometrical cross-section per nucleon in 
the nucleus. This form of P(x) indicates (i) 
that the meson shower will be observed. more 
frequently under a layer of small atomic weight 
so far as the thickness x is smaller than the 
mean free path A of the incident nucleon, 
and (ii) that, when the thickness x. becomes 
larger than A, the shower is observed with 
the same frequency under light as well as 
heavy materials, provided that the range of 
the produced mesons are larger than A. But 
if the mean range R of the produced mesons 
is smaller than A, the probability of the meson 
shower being observed is 1—exp(Nz, R/ AI) 
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under thick layers. Now the range A will be 
roughly independent of the material, because 
the energy of the produced mesons will be 
independent of the material if we neglect the 
energy-loss of the mesons which they suffer 
in the nucleus before they reach its surface. 
This results in that, as the thickness of the 
layer is increased, the frequeney approaches 
to a saturation value which is small for heavy 
materials and large for light ones. 

Since, according to the theory of Tfeitler 
and others, mesons of energies of the order 
of several 108eV are expected to be produced 
most likely, the mean range A’ will be several 
10 g/cem2. The mean free path 4, on the other 
hand, is found to-be about 20 41/3 g/cem?. Thus 
it is very probable that the above mentioned 
situation actually occurs. 

It was frequently reported that showers 
under thick layer occur more frequently in 
lighter materials than in heavier, and this 
was regarded as a remarkable feature which 
distinguishes such showers from cascade 
showers.@) The consideration given above 
seems thus to suggest the nature of these non- 
cascade showers: They are meson showers 
produced by high energy nucleons. 

According to our hypothesis the shower size 
should be given by the mean number of 
collisions of the incident nucleon in passing 
through the nucleus multiplied by the multi- 
plicity. This size is thus 3 41/3y. This means 
that the shower size is proportional to the 
cube root of the atomic weight. The ratio 
B82 387 27017 of the shower size found 
by Messerschntidt() under thick layers of ’b, 
Fe, Al and C seems to be in agreement with 


The data of Messerschmidt 
enables us further to estimate the multiplicity 
y experimentally. From the result 2/7 for Al 
layer the shower size is estimated to be about 
40 in Al and from this we obtain y ~10, 
which is qute reasonable as compared with 


this prediction. 


y = 8 obtained from [eitler’s result by means 
of our idea, if we take account of that the 
value obtained from the experiment will 
certainly be too large since such a meson 
shower will be always accompanied by a 
cascade shower originated from the decay 
electrons. The transition effect of the penetrat- 
ing shower observed by several authors shows 
the existence of such electrons. 

If our interpretation of Messerschmidt’s ex- 
periment is correct, we can estimate the neces- 
sary intensity of the high energy nucleons. 
It is then found that the intensity of such 
nucleons must aniount at sea level to some 
fraction of percent of the whole hard com 


ponent there. 


(1) J. Hamilton, W. Heitler and H. W. Peng: 
Phys. Rev. 64 (1943). 78. 
W. Heitler and P. Walsh: Rev. Mod. Phys. 
17 (1945), 242. 

(2) L. Janossy: Phys. Rev. 64 (1943), 345. 

(3) H. Euler and W. Heisenberg : Ergebniss der 
exakten Naturwiss. 17 (1938) 24. 

(4) W. Messerschmidt: Zs. f. Phys. 103 (1936), 
27. 

(5) H. Schindler: Zs. f Phys. 72 (1931): 625. 
J. E. Morgan and W. M. Nielsen : Phys. Rev 
52 (1937), 564. 
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ABSTRACTS 


of the papers presented to the Symposium on 
the Theory of Elementary Particles 
at Physics Department, Kyoto /mperial University, 
November 21-22-23, 1946 
under the auspices of 
The Physical Society of Japan. 


On the Angular Momentum of the Fliig- 
ge’s nuclear liquid drop Mede!. M. No- 
gam (Sustitute of Physics, Kyushu [Imperial 
University). Fliigge has calculated classically 
the normal modes of capillary waves on the 
surface of a perfect liquid drop. Applying 
his results to the problem of nuclear isomerism, 
he has obtained conclusions formally very 
similar to these of Bethe and’ Weizsicker. 
By the quantized liquid drop model, it can be 
shown, that the angular momentum of the 
liquid drop, induced by the surface capillary 
waves has some intimate connections with 
the number of knodes of these waves, and so 
the similarity of the Fltigge’s results to those 
of Bethe and Weizsacker is not only formal 
but of fundamental nature. 


On the production of cosmic ray bursts 
by mesotrons. I. Sato and S. Ozaki 
(Department of Physics, Tohoku Imperial Uni- 
versity). As the interaction of vector mesons 
with the electromagnetic field is stronger than 
that of scalar mesons, or spin 4 mesons with 
the electromagnetic field, the field reaction is 
large in the case of vector mesons. There- 
fore, when the burst frequency is recalculated 
consindering the field reaction in the process 
of Rremsstrahlung of mesons as has been done 
by Christy and Kusaka, considerable correc- 
tions are made with respect to vector mesons. 
But. as the result is larger about ten times 
than the experimental evidences, it is con- 
cluded that vector meson theory is inadequate. 
On the day of the symposium Mr. Sekido 


Mr. and Miyazima pointed out to us the papers 
treated by S. K. Chakrabarty and R. C. Ma- 
jumdar (Phys. Rev. 65, (1944)) and Kusaka 
with respect to this problem. 


On the Meson Pair Theory of Nuclear 
Forces. If. S. Noma (Znstitute of Theo- 
retical Physics, Kyoto Imperial University). 
The interaction between two nucleons which 
results from the mutual emission and reabsorp- 
tion of a pair of spinor mesons is calculated. 
The pair may consist of any kind of spiner 
mesons, Charged or neutral, but its total charge 
must not exceed one elementary charge. The 
positive and the megative mesons are treated 
symmetrically and the neutral mesons by the 
Majorana’s abreviated theory for the Dirac 
particle. They are considered as three dif- 
ferent states of the same particle. By treating 
in this. way, the interaction with the emission 
and reabsorption of a pair of the neutral 
mesons is eliminated for the cases of the 
vector and tensor type interaction. And only 
in the case of the pseudo-vector type interac- 
tion, we can obtain the potential energy be- 
tween two nucleons, which is due to the ex- 
change of charge and at the same time gives 
the. right sign of the electric quadrupole mo- 
ment of the deuteron. The mass difference 
between the charge and the neutral meson is 
taken into consideration. The explicit- forms 
of the potential are given for the cases y=1 
and y=0, where 7 is the ratio of the masses 
of the neutral and the charged meson. The 
difficulty characteristic of the pair theory is 
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avoided in a relativistically invariant way. 


Interaction of Elementary Varticles. 
—Mixed Theory of Nuclear Fields.— 
Y. Tanikawa, M. Hirano and M. Tatsu- 
oka (Ziustitute of Theoretical Physics, Nagoya 
Imperial University). 1. Nuclear Field. We 


0 22~i2 
—13(6,7+6,") 


det 36,° 


investigated whether the singularity in the 
static potential of nuclear forces, and the di- 
vergence of the nucleon’s self-energy could be 
compatibly removed by means of taking 
suilable values for the masses and the interac- 
lion constants, in a mixed theory of four 
types of fields. The condition therefore turned 
out to be that the equation 


32-842 
1Lo2—48,2 |=0 


4—8,2—20p, (6p? 8,2 +28, £28,418), —d,?—20,+18 


hold for values of the sequance of magnitude 
8, > 6, >8,, where 6,=4// Ah, 6,=1/M,, 
dqg=M/ My and M denotes the nucleon mass, 
while 14, 4%, and Mj are the masses of the 
vector, pseudo-vector and pseudo-sealar mesons 
respectively. It was found that above equation 
does posses roots in the required sequance of 
magnitude. 

8. Meson Decay. In general, when the two 
types of mesons in mixed field theory differ 
in mass, the heavier meson can transform into 
the lighter one with a vidtual pair-creation 
of nucleons in intermediate states. In Schw- 
inger's modification of the M@ller-Rosenfeld 
theory (where the mass of the vector meson 
is taken to be larger than that of the pseudo- 
scalar meson), Jauch assumes that the vector 
meson transforms into the electron and neut- 
rino as usual and obtains 10~Ssec. as its 
lifetime. But, as stated abovey the vector 
meson transforms into the pseudoscalar meson, 
and consequently its lifetime is much shorter 
than 10—-3sec. Denoting the vector meson by 
Y, and the pseudoscalar meson by 4, the 


decay processes are 
V+to>W+P->-N4N4M+-> M+ Mt 

or Vt>N+P>N+ Pl+y->Mt++y 

and for neutral mesons, 


N+N--N+ P+ M- 


wy M+M 
\Fy Po Nt Mt 4P7 


Y0->P4 P-> P+ P/4+y- M+ 


Jy 
v+yty 
peat 
SAP aon 
computing the lifetime of the vector meson 


from these processes, taking 4,—3/Zg, we 
obtained 


T)~10-38 sec. 


On the Exclution Principle of the As- 
sembly of the Systems of Bose-Particles 
with negative Energy. Y. Tanikawa 
(Institute of Theoretical Physics, Nagoya Dn- 
perial University). 
particles with negative energy appear to have 


The problems of Bose- 


become increasing important to the interaction 
of the elementary particles. For examples, in 
the theories proposed by Bopp and recently 
by Dirac, such particles have been introduced 
in order to overcome the diverging difficulties 
in the field theory. But by these authors it 
seems to be overlooked another difficulty 
arising from negative energy of Bose-particles. 
For Fermi-particles, it is wellknown that 
the difficulty of negative energy could be 
avoided by the assumption that all the nega- 
tive energy states are occupied, with one 
Fermi-particle in each state in accordance 
with the exclution principle of Pauli, and so 
a perfect vacuo is 4 region where all the 
states of positive energy are unoccupied and 
all those of negative energy are occupied. 
But for Bose-particles such an assumption 
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can not be allowed, because they obey Bose 
statistics and there does not the exclution 
principle. Dirac and Pauli@) has tried in their 
theories to overcome this difficulty by introduc- 
ing the idea of the “hypothetical world ” 
where particles have negative energy and 
negative probabilities and a rule for a transi- 
tion of results derived originally for the 
“hypothetical world” into the results for the 
“actual world” where they have positive 
energy and positive probabilities. As they 
say, this rule is however only of the problem- 
atical and preliminary character and have no 
logical foundation in the theory. 

qn the present paper an alternative method 
of justifying and extending Dirac’s idea 1s 
given, based on the following idea. Instead 
of considering only one system of Bose- 
particles with negative energy in nature, we 
assume the existence of the assembly of the 
identical system of them which obey Fermi 
statistics as the assembly of the systems. It 
is needless to say that particles in the system 
should obey Bose statistics. Such a system 
may not be formed of definite numbers of 
particles, we therefore should take the system 
of the quantized field for it. This is justified 
from the point of view that the one bedy 
problem of the elementary Bose-particle strictly 
speaking does not exist. This system therefore 
can include any number of particles with posi- 
live and negative energy. It is assumed that 
a perfect vacuo is a region where all the states 
of the system in which any number of particles 
with negative energy, at least one and more, 
exist are occupied. As the system obeys Fermi 
statistics, all such states of the system can be 
occupied with one system in each state in 
accordance with the exclusion principle just as 
like as in the case of Fermi particle. One 
systen of Bose particles in our theory corres- 
ponds to one Fermi-particle. 

The results derived for the systems existing 
originally in vacuo can be translated in a 
natural way into the corresponding results for 


the “actual world.” Quite similar is this 


situation for the physical interpretation to 
that of Dirae’s hole theory. We could have 
interpreted the absorption (emission) of nega- 
tive Bose particles as the emission (absorption) 
of positive one. It should be noticable that 
in our theory the self energy of Bose particles 
can be reduced to zero. 

(1) F. Bopp: Ann. d. Phys. 38 (1940), 345. 

(2) W. Pauli: Rev. Mod. Phys 15 (1943), 175. 


On the Self-Energy of the Bose Particles. 
Y. Tanikawa (/ustitute of Theoretical Physics, 
Nasova Imperial University). The self-energy 
of the Bose particles, especially photon and 
meson, arising from the interaction of Fermi 
particles is investigated. The results are 
quadratically and logarithmically divergent. 
As Weisskopf* poirted- out in the case of the 
scalar meson interacting with electromagnetic 
fields, taking into account the fluctuation 
energy of vacuo, the quadratically divergent 
terms can not be reduced to zero. 


* VY. F. Weisskopf: Phys. Rev. 56 (1939), 73. 


On the interaction of elementary particles. 
Wi. T. Miyszima (Defartment of Physics, 
Lokyo Bunrika Daigaku), 


paper I, it was shown that cut-off factors could 


In the previous 


be introduced in the generalized Schrédinger 
equations of the wave fields formulated by 
Yomonaga and called by him as the “ super- 
many-time theory.” The relativistically in- 
variant cut-olf theories of Wataghin, Scherzer 
and Markow were shown to be included in 
And. it was 
shown that generalized Schrédinger equations 


the formalism thus obtained. 


became in general non-integrable corresponding 
to the finite size of the particles in spacial 
and time directions. Concerning the cut-olf 
theory, strong-coupling theory has recently 
been worked out by Pauli and his collaborators, 
and, on the other hand, the subtraction theory 
has been extended by Heitler and his colabo- 


rators by taking account of the radiation 
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damping. By examining these results, we see 
that the coupling will not be so strong as the 
strong-coupling theory holds, nor so weak as 
the perturbational treatments are permissible. 
Moreover the cut-off factor. will be necessary 
to avoid divergenee difficulties. It will, there- 
fore, be worthwhile to carry out consistent 
calculation on our generalized Schrédinger 
equation with the cut-off factors. In doing 
so, it becomes necessary to fix the method of 
integration of the equations because’ the equa- 
tion is non-integralle. We consider that the 
method of integr tion is uniquely fixed by the 
boundary and initial conditions imposed on 
the system. On carrying the calculation we 
must also lake into account the radiation re- 
action and inertia of the fields. We are now 
treating collision processes of nucleons and 


mesons under some simplified condition along 


this line. 


On the Elimination of the Auxiliary 
Condition in the Quantum Electro-dyna- 
mics.) 8. Hayakawa, Y. Miyamoto and 
S. Tomonaga (Piysics Defartinent, Tokyo 
Bunrika University). Usual way of climinuat- 
ing the auxiliary condition in ‘the quantum 
electrodynamics is performed by separating 
the field into longitudinal and transverse 
components.) — But this distinction of the 
field is, in general, mot relativistic and las 
the definite meaning only when one specifics 
a Torentz frame of 4eference. The aim of 
our consideration is to show that the climina- 
tion can be performed in a rclativistically 
more satisfactory manner. 

For this purpose we first represent the 
vector potential in a superposition of plane 
waves whose propagation vectors are denoted 
by & (thick letters represent four-vectors). 
Then we introduce three four-vectors @, 7 and 
s having the propertics: @ is a null vector 
whose scalar product with the propagation 
vector & unity, 2 and s are unit vectors which 


are perpendicular to both “Land Kk and with 


each other. These vectors may depend on 
in any way not inconsistent with these con- 
ditions. Next we define eight invari :nts 
K=l- A’), L=(l-A), R=(9-A), S=(s-A), 
K*+=—(k-A), 2+=(k-A+), R=(7- 4) and 
St=(g-2f+) using these vectors and the 
Fourier components A(K&) and Ath) of 
the vector potential. ‘Then four pairs of 
quantities (AZ A+), (4, Zt), (A, Rt) and 
(8, St) are proved to be sets of canonically 
conjugate coordinates and momenta which can 
be used in order to describe the field. 

It is now seen that the part of the field 
which is described by (2, A*) and (5, 57) 
is always transverse, while that part which is 
de-eribed ly (AU A+) and (Z, Z*) is not, in 
gencral, longitudinal in the ordinary sence. 
But if is proved that the latter part of the 
field can be climinated by the help of the 
auxiliary condition in the same way as in the 
usual theory. 

The ordinary way of separatiag te field is 
contained in ours as the special case corres- 
ponding to a spécial choice of 2b. 

An advantageous point of our generalized 
way of separation is that it enables us im- 
mediately to find out such separation which 
corresponds to the ordinary separation carricd 
out in the Lorentz system moving with an 
arbitrary velocity with respect to the observer. 
In this case there appear in the Schrédinger 
eqitation the retarded Wiechert potentials 
instead of The Coulombian when one eliminites 
the generalized longitudinal part of the field. 

Our method is conveniently used in treating 
the problems involving the self-field of a 
moving electron, because, by taking wv equal 
to the velocity of the electron under conside- 
ration, that part ef the field which belongs to 
this electron can be separated immediately 
from the field of free photons. The calculation 
of the self-energy of a moving electron, for 
instance, can be carried out more simply than 
the usual method.) — Also the treatment of 
Blech and Nordsieck® of the radiation of an 


accelerating electron can be much simplified. 


6 Absiracts 


(1) To be pubhshed soon im Journ Phys Suc. 
Japan. 

See, ror instance, V. Fock: Phys. Zs. USSR. 
6 (1934), 425. 

(3) V. Fock: lec. cit. 

(4) For instance I. Waller: Zs. Phys. 62 (1930), 


en 
O10. 


(5) F. Bloch and A. Nordsicck: Phys Rev. 52 
(1937), 54. 
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Note on the Scattering of a Meson on 
Colliding witk a Nucleon. 8S. ‘Tomo- 
naga (Physics Department Yokyo Punrika 
University). The consideration of the previ- 
ous paper“) in which the scatiering of a 
meson on colliding with a nucleon was dealt 
with is generalized so that the higher configu- 
rations which more than two mesons are 
existing are taken into account. In solving 
the Schrédinger equation in the configuration 
space we assume that each wave function re- 
presenting the scattered waves has the singu- 
larities of the form 1/{(A,—31 Ay-—3) Au") 
+nd(Ay—S) Ky- —SAL*)}. In solving this 
equation the divergence can be avoided if one 
retains only terms containing a d-function as 
factor in the integrand in the integration with 
respect to the momentum of the meson.* Tt 
can be then shown that, when the energy of 
incident. meson is smaller than Vc, « being 
the rest energy of a meson, the configurations 
in which more than /V mesons exist play no 
role in the problem, so that it suffices only 
to solve a system of finite number of equations. 
Ta order that the conservation of the proba- 
bility be guaranteed in spite of the omission 
of the diverging terms, one has to retain only 
those terms which contain a 6—function as 
factor also in defining the probability of a 
specified configuration. This results in that 
the probabilities of such configurations vanish 
‘in which not all existing mesons are free, 
some of them deing bound to the nucleon. 
Our procedure is so far reasonable that one 
obtains no scatlering at all when one applies 
this method to the case of neutral scalar meson 


interacting with e« nucleon. This vanishing 


scattering should be expected because in this 
case the exact solution of the Schrédinger 
equation can be obtained -by means 6) 
canonical transformation of the field variables. 
giving’ rise to ndé~scattering of the incident 
meson. 

(i) S. Tomonaga: Sc. Pap. I-P.C-R., 40 (1942), 
Jae 

Heitler seems to have proposed a method cf 
avoiding the divergence by omitting some 
matrix elements of the interaction energy, but 
his paper is not here obtainable. 


On the meaning of the Interaction UL. 
H. Suzuki (Lustitete of Theoretical. Physics, 
Kyoto Imperial University). We consider the 
interaction of the fields in the form of the 
constraint equation, not in the Hamiltonian 
form. This view gives a new light on the 
We have 


seen this method appears in the treatment of 


ditticuities in the present theory. 
the strong-coupling. Now we will consider 
the meaning of this in connection wilh the 


Dirac’s A-limiting process. 


Quantum mechanics of circularly polariz- 
ed photons. G. Araki (Vefartment of 
Industvial Chemistry, Kyoto Imperial Univer- 
sity). The unitary transformation of the 
polarization vectors of photons ts studied. 
The simulianeous eigen-state of the spin an- 
gular momentum, the momentum and the 
energy is determined. It is found that this 
The left- 
circularly polarized photon has the spin of 


is the circularly polarized state. 


value +1, directed to its momentum, and the 
value of the spin of the right-circularly po- 
larized photon is —1. The operator creating 
or annihilating these photons is determined. 
Further, the eigenfunction, corresponding to 
the state in which A, left-circularly and .V, 
nghi-circularly polarized photons are present, 
is calculated. The theory is 2pplied to the 
special problem of the polarization of the 
spectral components in the case of the normal 
Zeeman effect when #t is observed along the 
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magnetic field. The complete agreement of 


the theory with the experiment is obtained. 


On the analogy between Born’s electro- 
static field and compressible flow. I. 
Imai (Justitute of Physics, Tokyo Imberial 
Uuiversity). Owing to the non-linearity, Born’s 
electromagnetic ficld is very difficulh to deal 
with. It is remarked here that, in the electro- 
static case, Born’s field has a perfect formal 
analogy to the irrotational flow of a non- 
viscous compressible fluid, so that the various 
results known in hydrodynamics may be con- 
veniently applied to the Born field. Thus the 
field strength Z£ and the dielectric constant 
cérrespond to the fluid velocity V and the 
density respectively. While, in the case of 
compressible flow, the pressure may, in general, 
be an arbitrary function of the density, Born's 
electrostatistic field correspond to the special 
case: An imaginary gas of such a character 
plays an important part in the thevretical gas 
dynamics, especially in the two-dimensional 
flow; it allows of a mathematically exact 
treatment which is well known as te hodo- 
graph method of Karman and Tsien. In this 
paper, the-Karman-Tsien method is translated 
in the language of electrostatic ficld in order 
to deal generally with the two-dimensional 
Born’s electrostatic field. The method is 
applied to the case of a point charge in a 
uniform ficld, and also to the case of two 
point charges. The exact expressions are 
obtained for the field strengths, for the force 
acting on the charges, and for the electrostatic 
energy of the field. The limiting cases of 
infinitely great and of vanishingly small 
distance are then discussed in some detail. 


On the energy-momentum tensor. G. 
Araki (Department of Industrial Chemistry). 
The energy-momentum tensors of the Bose 
particle of spin 1 are constructed in two 
different ways, and these two cases are com- 


pared. One of these, say case A, is the same 
as the one commonly adopted. The energy, 
the momentum and the charge of, the total 
system consisting of the Bose particles are 
the same in both cases, whereas the spin 
angular momentum and the eurrent (according- 
ly the magnetic moment) are different in two 
eases. In case of the vanishing rest mass of 
the particle, the energy, the momentum and 
the charge do not include the contribution 
from the longitudinal components. One case, 
say case B, does nevertheless not allow the 
gauge transformation, and this case must be 
rejected. In case of the non-vanishing rest 
mass, one can prefer neither of them to the 
other, as the both cases do not allow the 
gauge transformation. In the case A, the 
spin of a particle is given by the Vukawa 
matrix (vector) in the configuration space, and 
the spin of a rest particle vanishes in the case 


B. 


On the Hamiltonian form of the general 
field equations. K. Husimi (Defartment 
of Physics, Osaka Imperial University). Mt is 
a usual procedure to write the classical field 
equation in the Ilamiltonian form in order to 
translate it into the quantum Janguage, thus 
failing to incoorporate the relativistic space- 
time symmetry by preference of a particular 
time axis. A form of the Ifamiltonian theory 
of the field, symmetric in space-time coordi- 
nates, has already been proposed by II. Wey], 
but it appears difficult to interpret it physical- 
ly. The equations have the divergence form 
relating to the four conjugate quantities, cor- 
responding to the four axes of space-time, to 
each component of the field. If integrated 
bver a certain space-time region, it will afford 
the total fux of the conjugates, taken over the 
closed perifery of the region. Writing the 
field equations in this form, integral rather 
than differential, we get a natual generalization 
of Maxwellian electrodynamics formalism, and 
find a certain close analogy with the formalism 
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of general transformation function of Dirac 
and Yukawa. It will also give an apropriate 
starting point of a future theory with discrete 
elements in space-time since it is an inte- 


gral law. 


On the 2-Limiting Frocess. R. Uti- 
yama (Pefartment of Physics, ( aka Impertal 
Cuizersity). It is tried to quantize the electro- 
magnetic field in the dispersive medium. If 
we consider the vacuum as a dispersive medium 
with a dielectric constant e(4) and a magnetic 
permeability (4), and further we assume 
€ ie ees (ee ny then we obtain the 


so-called 4 limiting formalism given by Dirac. 


- 

Ilere AjA is a timelike infinitesimal four vector, 
> 

koh is a wave number four vector of a photon. 


Yurthermore compariag this with the results 
of the positron theory in respect to the polari- 


zation of vacuum we obtain 


Fp i / Ee 
o” V30n ic mC 


Thus we believe that some physical iter- 


pretation of the phenomenological theory 1s 
obtained. 


On the Non-infinitesimal Commutation 
Relations. E. Kanai (“stitute of Theoretical 
Vhystes, Kyoto Imperial University). Vt has been 
stated that various difficulties appearing in the 
quantized field theory were due to the infinite- 
simal commutation-rules first given by Heisen- 
Here IT take the non- 


infininitesimal commutation relations whielr 


berg and Pauli. 


are compatible with the ordinary field equa- 
tions and are relativistically invariant, then I 
study the properties of this sort of the quantiz- 
ed ficld. It is proved for this field to have 
the particle aspect as in the usual theory, but 
ils energy is not positive definite although is 
finite. So we must assume the Fermi-statistics 
in the scalar theory that contradicts the well- 
known relation between the spin and the 
statistics. 


A Note on the Dirac Space. 8S. Wata- 
nabe. In connection with Pauli’s report on 
Dirac’s new method of quantization,® some, 
useful notions are introduced to clarify certain 
confusing points ofthe method. The anli- 
self-adjoint operator B is defined as having 
a matrix B which satishes, in any coordinate 


system, the relation: 
yB=—-B*7; (1) 


7 being the metric matrix, and the cross 
meaning the hermitically conjugate matrix. 
The eigen-values A’ and eigen-states $1’ of 
a self-adjoint operator A satisfy 


(V—A) a 474 =9; (2) 


and those of an anti-self-adjoint operator B 
satisfy 


(B14 B") 9 argv =0 - (3) 


‘The operator a “associated” to an Sperator 
q is defined by the relation: g=éx. If g is 
self-adjoint (anti-self-adjoint), then a is anti- 
self-adjoint (self-adjoint). When a self-adjoint 
q lias imaginary eigen-values, it is conven ent 
to use the representation by the real eigen- 
In the 
case of continuous eigen-values, this represen- 


values of its associated operator 2x. 


tation will give 


Geta =tr! O(a — 0"), (4) 
and from (3) 
Net 11 =O +0"). (5) 


These two relations are identical with equa- 
tions (26) and (23) of Pauli’s report. In that 
report the notation y is used both in tlie sense 


of q and in the sense of «7 of our analysis. 


C1) W. Pauli, Rev. Mod. Phys. 15, 1943, 175. 


An Attempt at the Theory of Elementary 
Particles. H. Yukawa (2%ysics Depurt- 
ment, SDyoto Lmperial University) As an 
attempt to get rid of the present difficulties 
of the theory of elementary particles, we con- 
sider material particles such as electrons, 
protons and neutrons as something different 
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from the clectromagnetic and nuclear fields. 
We start namely from the one body problem 
for the material particle, in which the field 
variables are treated as quantities operating 
upon the unquantized wave function for tht 
particle. In other words, the field quantities 
become certain functions not only of space 
and time coordinates,’ but also of energy- 
momentum and spin variables for the particle. 
In particular, they can be expressed as linear 
functions of the ordinary and isotopic spins, 
so that there can exist, in addition to the 
electromagnetic field, only the fields which 
are accopanied by various types of neutral 
and charged mesons with spin 0 and 1. Thus 
an extended mixed field theory is obtained 
as the immediate consequence of our assump- 
tion. Moreover, aS we are now free from the 
restriction that the field should be functions 
of the space and time coordinates alone, we 
find ample grounds for introducing the funda 
mental quantity such as the radius of the 
elementary particle in a rational way. <A 
simple way of extending tie representation of 
the wave equations in the ordinary 4 dimen- 
sional space to that in 8 dimensiona] phase 
space is suggested. The next step to the 
many body problem through the procedure 
of second quantization of particle wave func- 
tions as well as of field quantities is in course 
of investigation. 


Correlation between Mutual Interactions 
of Elementary Particles. S. Sakata 
(Institute of Theoretical Physics, Nagoya Lnt- 
perial University). Ulitherto, the mutual interac- 
tions of elementary particles have been studied 
separately, with no consideration whatever of 
the correlation between two or more such 
interactions. It seems to us that this ts 
precisely one of the chief causes ef the dif- 
ficulties arising in quantum field theory. The 
fact that M@ller and Rosenfeld lately succeeded 
in removing singularities of nuclear forces by 


considering the correlation between two meson 


fields justifies this view-point.  Bopp’s linear 
electronic theory is noteworthy in that it gives 
a finite value to the static selfenergy, and his 
theory may be interpreted as a mixture of 
the electromagnetic and neutral vector mcson 
flelds. The drawback of this theory is that 
the dynamical part of the selfenergy diverges, 
and that the energy of the meson becomes 
negative. We have introduced, as the field of 
electron-cohesion, a neutral scalar meson field, 
and have proved, positron-theoretically, that 
the total selfenergy remains finite, to the ap- 
proximation of ¢%. By extending this line of 
thought to protons, a theoretical explanation 
of the mass difference between proton and 
neutron can be obtained. 


Some Consideration about the Production 
of Meson Showers in Matter. S. Tomo- 
naga (Physics Defpaitment, Tokyo Buurika 
University). Uleitler and his colaborators\ 
calculated the ¢ oss-section for the production 
of a meson by a high energy nucleon on 
coliding with another nucleon. They found 
thus a-very large value for this cross-section, 
such a large value that it exceeds the square 
of the range of the nuclear forces. Since it 
is to be expected that two nucleons not ap- 
proaching nearer than this force range cannot 
interact at all, Heitler’s interpretation for this 
large value of the cross-section seems not to 
be adequate. In fact, because their calculation 
is based on Weizsacker and William’s idea, 
the value they obtained gives, properly speak- 
ing, only the expectation value of the number 
of the produced mesons and not necessary the 
probability of a single meson being produced 
in the collision. Thus, the fact that the cross- 
section exceeds the square of the force range 
imples that several mesons are produced in a 
single act. 

This re-interpretation of Tfeitler’s result 
makes it*necessary to modify the consideration 
of Janossy® who has dealt with the produc- 


tion of meson showers in matter. We thus 
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treat this problem assuming tentatively that 
the cross-section g of this phenomena is always 
of the order of the square of the force range. 
Then the multiplicity of the produced mesons 
is given by dividing Lleitler’s cross-section by 
é. 

In this way we can discuss the material 
dependence of the frequency and size of the 
meson showers produced in thick layers of 
various materials. The results seems to have 
bearing on the experimental evidences concer- 
ing the burst of not too large size observed 
under thick layers.@ 

(1) J. Hamilton, W. Heitler and H. W. Peng: 
Phys. Rev. 64 (1943), 78. 
W. Ueitler and P. Walsh: Rev. Mod. Phys.. 
17 (1945), 252. 
* According to the newly arrived. Bulletin of 
American Physical Society Bethe seems to be 
of the same opinion. 


(2) L. Janossy: Phys. Rev. 64 (1943). 345. 
(3) H. Messerschmidt: Zs. Phys. 72 (1931), 625. 


Super-Many-Time Formulation of the 
Quantum Theory of Wave Fields. S. 
Tomonaga (Physics Department, Tokyo Bun- 
rika University). According to the program 
proposed some years ago !) a perfectly rela- 
tivistic formalism (the so-called super-many- 
time formalism) is given for the quantum 
theory of the electromagnetic field interacting 
with either electron or meson field. In the 
case of the electron field@) no essential modifi- 
cation of the previous consideration is necessary 
excepting that some special considerations are 
needed owing to the so-called auxiliary con- 
dition. It is shown that the elimination of 
this condition is possible in the relativistically 
invariant way on the line given in another 
place.) Also the invariance of the theory 
with respect to the transformation of the gauge 
can be proved. 

In the case of the meson field,@) on the 
other hand, a generalization of the previous 


consideration is necessary because it can wot 


be directly applicd to this case by the follow- 
ing two reasons: (i) the interaction-energy 
density //,.(P) is not a scalar, and (ii) the 
condition [A4e(P), 42(?]=0 which is 
necessary for the integrability of the differential 
equation {itr ==} ¥{[C}]=0 does 
z OCp 

not hold in this case. 

These two difficulties can be got over if one 
uses not //,.(P) itself in the generalized 
Schrédinger equation but the quantity obtained 
by supplimenting it by a suitablly chosen term 
Ap[Cj which vanishes when the variable 
surface C reduces into a plane parallel to the 
xyz-plane. It can be shown that it is possible 
to determine this term in such a way that it 
suppliments the non-scalatr term in //j.(/) 
making up a scalar density Hp bC]=//.(7) 
+A,{C], and, at the same time, //p[C] thus 


< 
obtained satisfies the condition | “ [cj+ 


a 6 % 6 : 
aS / — —— |=0. TI 
7 8Cp ye ela 7 BC 0 ren 
= 4 6 
the equation {icl+—p —.} ¥[C}] =0 
 6Cyp 


has the properties: it is integrable, relativistic 
invariant, and reduces into the ordinary 
Schrédinger equation when the variable surface 
C reduces into a plane parallel fo the xyz- 
plane. Thus this equation can be regarded 
as the generalized Schrédinger equation requir- 
ed in our theory. 

The same method can be applied to the 
case of the meson field interacting with the 
nucleon field. 


(1) S. Tomonaga: Bull. I.P.C.R. (Riken-Iho) 22 
(1943). 545; the English translation: Progr. 
Theor. Phys.. 1 (1946), 27. 

(2) Z. Koba, T. Tachi and S. Tomonaga: Progr. 
Theor. Phys. in press. 

(3) S. Hayakawa. Y. Miyamoto and S. Tomonaga: 
Reported at this meeting. This work will soon 
appear in Journ. Phys. Soc. Japair. 

(4) S.Kanesawaand S. Tomonaga: Progr. Theor. 
Phys. in press. 

(5) °Y. Miyamoto: to be published soon. 
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On a Reletivistically Invariant Formulation of 
the Quantum Theory of Wave Fields. II. 


— Case of Interacting Electromagnetic and Electron Fields — 


Ziro Kosa, Takao Tati and Sin-itiro TomMoNaGa. 


(Received Nov. 6, 1946) 


§1. Introduction 


In a previous paper with the same title" one of the authors has pro- 
posed a new formalism of the quantum theory of wave fields which reveals 
explicitly its relativistic invariance. For this purpose the author has gene- 
ralized the Schrédinger equation of the system into the following form : 
ee 


4 
{Hal P Mea 


| ¥c]=0. (1-1) 

The generalized ¢-vector F[C] in (1-1) isa functional of the independent 
variable hyper-surface C in the four-dimensional space-time world, and 
H,.(P) is the density of the interaction energy between the fields 1 and 2 
at the world point P lying on the three-dimensional ‘surface C. The opera- 
tion 6/6Cp is the functional partial differentiation of Z[C] at the point P, 


defined by 
6F(C}_ im PICI-FIC) (1-2) 
Vr ae 


where C’ is a surface overlapping C everywhere except a small region sur- 
rounding the point P, and 4V is the volume of the small world region 
enclosed by € and C’. 

In ou: fundamental equation (1-1) the generalized ¢/-vector VEC] and 
its functional derivative are both relativisticaliy invariant concepts. More- 
over Fy, is assumed to be a scalar function of the field quantities. (The 
case where Ay» is not a scalar will be discussed in a later paper.*) 


1) S..Tomonaga: Riken Iho, 22 (1948), 525. English translation. Progr. Theor. Phys. & 
(1946), 40. This paper will be cited as Of 
* 8. Kanesawa and S. Tomonaga, Progr. Theor. Phys. in press. 
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These field quantities satisfy, in turn, the field equations for the free fields, 
which have covariant forms under Lorentz transformations. The com- 
mutation relations between these field quantities are expressed in terms of 
the so-called four-dimensional delta-functions and their derivatives, and are 
free from any unsatisfactory feature of the ordinary commutation relations. 
In this way the equation (1-1) has a quite satisfactory four-dimensional 
space-time form possessed of a definite meaning without referring to any 
special Lorentz frame. , 

The equation (1-1) is also integrable when Hy’s at any two world 
points at a finite as well as at an infinitesimal distance apart, one lying 
outside the light cone of the other are commutable with each other. 

The aim of the present paper is to apply our method of formulation 
to the quantum electrodynamics which deals with the electromagnetic field 
interacting with the electron field. 

Although we have in the case of quantum electtodynamics a perfectly 
relativistic formalism, that is, Dirac’s many-time theory, it will be never- 
theless of some importance to formulate the theory also in our formalism, 
since the former, in which the states of electrons are described in the con- 
figuration space, applies only to the case where the number of the electrons 
does not change, and is thus incapable of dealing with such phenomena as 
the: emission of f-rays or the decay: of mesons emitting electrons, without 
introducing a rather unfavourable complication into the theory at the sacri- 
fice of its beautifulness. It is, therefore, desirable to treat the electrons as 
a quantized field and not as particles, since the former treatment fits the 
cases better.in which the number of the electrons really changes. 

It is already nearly known in I how to apply our formalism to the 
quantum electrodynamics except the well-known complication due to the 
existence of the so-called auxiliary condition. One of the main tasks in 
the present paper is thus to find the auxiliary condition in our formalism 
and to eliminate it in a relativistically invariant way on the lines which 


has been reported by Hayakawa, Miyamoto and one of the authors in an- 
other place.” 


/ 


2) P. A.M. Dirac, V. Fock and B. Podolsky: Phys. Zs. USSR., 2 (1932), 468. 


3) S. Hayakawa, Y. Miyamoto and S. Tomonaga: J. Phys. Soc. Japan in press. This 
paper will be cited as A. 
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§2. Commutation Relations between Field Quantities, 
Field Equations for Free Fields and the. 
Generalized Schrodinger Equation. 


When it is not specially remarked, the same notations are used through- 
out this paper as in I and A. Furthur, we use the unit system in which 
the light velocity is unity. | 

The Lagrange dersity of the free electromagnetic field is then given 


by 


re ~F (Curl Ay (Div A), (2-1) 


and that for the free electron field is 
Lr=1hp*{ (a, Grad) + 2x8 \<, (2.2) 


> > 
where a denotes the four-vector (1, a), « and # being the Dirac mattices. 
The constant x in (2-2) is the reciprocal of the Compton wave length of 


the electron. 
In the presence of the interaction between electron and electromagnetic. 


field one has to replace Grad in (2-2) by Grad i so that for the 


Lagrange density of the total system we have 


L = - (Curl A)——5-(Div A)' + iAy*{ (a, Grad) +8} 
+e(b*ud, A). (2-3) 


Through the usual procedure we obtain from (2-3) the Hamiltoniar 


density of the system 
H=f,+ Ayt Ayn 
sO SAN. onde 24 (div Ay2—( 240). 1 4)*} 
=a {(S) (grad Ay)’+(div A) ( a + (curl 4) 
Hy=—iky*{a, Grad) + ip} 
Ay = — el p* ay, A) (2 4) 


in which A, is the energy density for the electromagnetic field, Aj, that 
for the election field, and Ay, the energy density of the interaction of 
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these two fields. Having thus obtained the Hamiltonian, we can write down 


the Schrédinger equation for our system: 
7 h 0 ‘ Df 
lal gusty eA 
(4+ z Te 


According to the general scheme given in I, we introduce the unitary 
operator U defined by 


U = exp {5-(Ai+ Fia)e } 
and transform the field quantities A, s’ and ¢* as follows: 
A—- UAU™ 
p> OU" 
b* > UG*U, 
_ We further transform the Schrédinger functional by means of U: 


¥y >U F, 


In the following the letters A, ¢, ¢* and Y are used to denote these 
transtormed quantities.. 

These transformed quantites depend on ¢, while the original ones did 
not, since there we were dealing with the Schrédinger form of the quantum 
theory. It can be shown that the transformed field quantities depend on ¢ 
as if each field were free. Thus they satisfy the field equations for the 
free fields : 

(j4=0 
{(a, Grad) +2x3}=0 (1) 
*{ (4, Grad) —ix8}= 0. 


The time dependence of the transformed ¥-vector, on the other hand, is 
determined by 


0 


en 
OL 


(int F=0 | (2.5) 


in which Ay and Ay appear no longer, while the field quantities contained 
in Hy; have to be considered as satisfying (1). 
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The field equations (I) together with the ordinary commutation rela- 
tions, which give the commutator between field quantities at the samé 
instant of time, enable us to calculate the four-dimensional commutation 
relations, which give the commutators between field quantities at any two 
world points X and. X’: 


[4(X), A(x) = gD X-X’) 


[Yo(X), $,*(X')],= Wo X— X”) 


with W,,(X—X’ )={a Be oe Pe grady) — ixBop| Du X—X") (II) 


[Y(X), P(A] =[He*(X), o*(X")]-=0 
[4*(X), (4) ]=(4"(X), #*(-4)]=0. 


In (II) Dy and Dy are the four-dimensional delta-functions belonging 
respectively to the electromagnetic field and the electron field. They are 
both invariant with respect to Lorentz transformations. When X and .’ 
are two world points, one of which lies outside the light cone.of the other, 
they have the properties : 


D(X—X')=0 
(3/82, D(X-X')}en=0 for i=, 2, 3 
{0/dx%) D( X—X’) }-w = a(x t— x’) (2+ 6) 


{3°/8x3 D(/X—X") ha =0 


From these properties it foliows that, when X and X’ refer to the 
same instant of ttme, the commutation relations (II) reduce to the ordinary 


ones : 
[A*(X), AX)]=0, [ 4"), 240) sa grag 7) 
tc, ¢*(X)}.= Wop X—X") - (II’) 


| with Wo,(X—X’)=de 0(4—7’). 


We now generalize the Schrédinger equation (2+ 5) according to the 
general scheme developed in I. This gives 


(Hin(P) +E 4) MO) =0, ay 


The meanings of Hy,n(P), ¢/0Cp and @[C] have been already given 
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in $1, The interaction energy density Hy1(X) is here of the form* 


Ay u( X)= —e(J(X), A(X)) (2-7) 
with SI(X)=9* (X)ad X) (3 +8) 


which has the physical meaning: four-current density at the point %. 
Since J(.Y) is a four-vector, eh 1 of (2-7) is evidenthy an invariant, so 
that our fundamental equation (III) is relativitically invariant. Further, as we 
shall. prove in the following, A1,nu(X) has the property : 


[AiyuCX), Ay y(.X")]=9 (2 = 9) 


for any two world points X and X’, one lying outside the other’s light 
cone. These points may lie a finite distance apart or may be two adjacent 
points. The property (2-9) guarantees that our equation (IIT) is integrable 
when C is space-like. 

We shall now show that the integrability condition (2-9) is really 
satisfied. 

Since Ajj, is an invariant and the commutation relation is also invariant, 
the left-hand side of (2-9) can be most conveniently calculated in a refer- 
ence system in which and X”’ refer to the same instant of time. Let 
the components of various quantities in such a, coordinate system be denot- 
ed by barred suffixes. Then, according to (II’) we have [47(X), 4;(X’)] 
=. so that we obtain first 


[Ai nC), Firn(X')J=e[7*(X), F(X’) Ar (X) Ag(X7) (2-10) 


In order to calculate [/ (X ), J*(X)] we use the following theorem 
which can be proved by a straightforward calculation : 


Theorem [. Let U and V be any two fou--row-four-column matrices. 


Then we.have 


[oC XOX), PX )VEX ) =o" X)UW NX) G(X) 
—*(X)VIVX—X)U $(X). (2-11) 


Now, to calculate [7*(.Y), /*(X’)], we have only to put UV =V=a in 
this formula. Then we obtain, noting W=9538(x—2'), 


* We use the letters X, X’%, X/7, . 


.. to denote arbitrary world points whereas the let- 
iS ety CER MEMS * 


.. are used to denote world points on C, 
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[7X), JX) = 9" Xd oF — uF) ¥)0(2—2'). 
Substituting this commutator into (2-10), we get 
(Ay a(X), Hen( X’)]=6*(X) (ula — Ful) X) Az (X) Ag (X)8(4~2') =0, 


what is to be proved. 


§3. Auxiliary Condition for the Electromagnetic Potential. 


It is well known that our Lagrange function (2-1) gives rise to [JA 
=0 but does not yield the Maxwell equation. In order that the canonical 
equations derived from (2-1) have the Maxwell form, one must impose 
the auxiliary condition 


{Div ACX)}¥ =0 (3-1) 
on ¥, and admit only such ¥ to represent actual states. When the field 


is interacting with electrons, however, the condition (3-1) is not compati- 
ble with our fundamental eauation (III), so we must replace (3-1) by 


2 {C1 #[C]=0, (3 + 2) 
where =,[C] has the torm 
= C]=Div A(X) +A1C]. (3 +3) 


The added term /x[C] is a function of the world point X on one hand 
and a functional of the variable surface C on the other hand. It must be 
so determined that the condition (3-2) is compatible with the equation 
(III). It is thus required that TxC] satisfies 


[ Hin P) + gee Div A) +Alcl|=0 +4) 


for all points X, P being any point lying on tC. 
Now, since we have 


(Hin(P), Div A(X)]=4 (IP), Gedo, 


ht 0 i |-9 
[ ; ae , Div A(X) ’ 
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our problem of finding the solution of (3-4) is solved when we can find 
F.C] such that 


[Hin(P), ff C=0 
[+ +s Acc]|= _ 4 (IP), Grad pDi(P—X)). 


z 


(3 + 5) 


The second relation of (3-5) gives rise to the differential equation 
a xe Diva (DAP =X) (3-6) 
ie 


on account of Div J=0. 

The differential equation (3-6) can be solved immediately by using the 
following theorem : 

Theorem JI. Let G(X) be an arbitrary four-vector function of the 
world point X, and let C be any space-like surface in the space-time world. 
Further, let N(P) denote the umit vector which is normal to € at the point 
Pon C. The direction of WV is such that its contravariant time component 
is positive (this means that WV is pointing to the future). Then-we have 


ri 


a (er), M(P))dFp= —Div GP) (3-7) 


J. 
where the integral on the left-hand. side is the surface-integral taken over 
the surface C, dF, being its surface element at 2. 

Proof. According to Gauss’ theorem we have, in general, 


— | Div @(x)aV=| (G(P), N(P))dF> (3.8) 


Vol Surf, 


where the integral on the left-hand side is the volume integral taken over 
a four-dimensional spece-time region, and the integral'on the ‘right-hand 
side is the surface integral taken over the surface enclosing. this region, 
N(P) being the outward normal to this surface at the point P. We cosider 
the space-time region to be that part of the world- which lies on the past 
side of the variable surface C. Then the surface integral on the right-hand 


side of (3 - 8) consists of two parts: that taken over the surface C and 
that over the surface at infinity : 
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—{ Div G(X)dv=| (G(P), NCP) dF, + (QW), M(P))dF>. (3-9) 
Cc (44 C) 
Now, carrying out the differentiation. 6/8C, on both sides, we obtain the 
required result (3 -.8).— 
Using this theorem the solution of the equation (3 - 6) is found to be 


ise e| (IP), MP))D(P—X)dFp. (3-10) 
e 
In (3:10) we have put the vanishing integration constant. 
We have now to verify that the solution (3-10) satisfies the first rela- 
tion of (3-5). This can be shown in the following manner : 
First we substitute (3-10) into [Ai n(P), 7[C]]: 


[Ain(P), ALCT] 
=+ e| [P(P), J*(P)] ALP)M, (POD (CP —X)dFp. (3-11) 


Cc 

Since the paint P as well as the point /” lie on C, and since C is space- 
like, one of the two points P and P” lie outside the light cone of the other. 
It follows, as one can verify by using the formula (2-1), that [/*(P), 
J*(2’)] has a non-vanishing value only when P’ is an adjacent point.of P. 
This situation enables us to replace /*(P’),-V,(/) in the integrand on 
the righthand side of (3-11) simply by —/ %P’) if one carries out the in- 
tegration referring to the coordinate system in which the space-axes are 
tangent to C at P,{in this caordinate system the components of a vector are 
labeled by the barred suffixes) because in this reference system N(P’) has 
the contravariant components (4, 0,0,0) at P’ adjacent to P. Calculating 
(3-11) in this system we obtain 


[Hin ALC = + ¢[LP), PP Mae (PDP X) dF 


which gives the vanishing result on account of the relation obtained by 
(2-11): 


[JU P), UP) H1 ot (P)u f(P)—G"(P’)aW(P) }0( Ze 401) =0. 


In this way we have found the auxiliary condition which is compatible 
with the fundamental equation (III): 
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& ACcl¥[c]=0 
EY C]=Div A(X) +2((I(P), N(P))DAP—X)dF>. (IV) 
e 
Since we have conditions of this form, one for each point X in the world, 
any one of these must commute with others.. That this requirement is also 


satished can be verified as follows: 
[Div A(X) +fx[C], Div A(X) 4+fx[ CT] 
=[Div ACX), Div A(X’)]+ [x], Fei Cl). 


The first term of the last expression vanishes because of [JD,=9. That 
the second term vanishes can be proved by carrying out the integration 
over P’ in a reference system whose space axes are tangent to Cathie. 


§4. Gauge Transformation. 


As mentioned in the preceding paragraph, only those 7 ’s which satisfy 
the condition (IV) represent physically significant states of the system, so 
that only those linear operators which commute with £,[C] represent 
physically measurable quantities. We shall show in this paragraph that 
these measurable quantities are so called gauge-invariant quantities which 
are invariant under the transformation 


A —. A+Grad A 
te 


beth g (4-1) 


se 
broke a4 


where 2 is an arbitrary (real) scalar function of the world point satisfying 
dee=0. 


We: now introduce the quantity defined by 


PICS RICIoric} 
byes \P)(Grady =p{C], M(P’))dFp, 


CG 


PLC]=|2nlC\Grad 1(P'), N(P'))dFp « 


c 
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We shall now show that the quantity ['[C] has the following import- 
ant properties : 


[tC], 4()]=-4 Grad 4(P) (4. 4) 

[Pi C],.$,(P)]=et( P)d,(P) (4-5) 
and 

[PLC], $)*(P)}=—e,9*A( P). (4+ 6) 


The proof of (4-4) can be performed in the following way: 
First we have 


ine, ACP)" [PY MP), Gide) Grade (P= Paks. 


Z 
We carry out the integration on the right-hand side, referring to the par- 
ticular reference system in which the space axes are tangent to Cat P. 
Then, since N(/’) has contravariant components (1, 0,0,0) at P’ adjacent 
to P, we have here 


(NP), Gradp,) Gradpr DAP —P)=-Grady DA P'—P), 


so that, on account of the properties of the D-function stated in § 2, 


0 for 2=O 


i O25 


Returning to the general reference system, this can be written as 
(rich, A(P)]=—-4 {Grad 1(P) + (NP), Grad a(P)) MP) 


A similar calculation can be carried out for the second term,awith the 
result : 


(nic, 4(P)]=+ | Gradpi DP’ —P)( NP), Grader AP”)) dF 1 
=-4 (MP), Grad 1(P’)) N(2). (4.8). 


Now (4-7) and (4-8) together yield just the required relation (4-4). 
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The relations (4-0) and (4-6) are also easily proved ; for the first term of 
[we have 


[ICI $,(P)=s[aFod PMP), Grader) 


Cc 
x {—( W(P—P")o, NCP") )ph (PDP! — P)dF en 


c 


where we have applied the formula 


[LJ*(P), $( Py] = — Wr P—P vorbis P). 


Then, carrying out the integration with repect to Fpn in the coordinate 


system, the space axes of which are tangent to C at P, thereby noticing 
> = 
W,.(P—P’)=0,.0(4—x') in this system, we find 


[KIC], oP =e (PMP), Grady, (PP )y( PF or 
=—«l(P),(P). 


On the otlfer hand, [[C] contributes nothing to the commutator [/[C], 
$,(P)]. This results from the fact that 


[MICl, b(Py]=<[aFp(Grad AP), PY) 
x { -<(W(P=P')a, NP) ph PDP! =P Fen 


=~«|dF_(Grad AP), MP)). $,(P)D(P-P). 


Here appears in the integrand the function D,; and not its derivative so 
that, when integrated over a space-like surface, the integral identically 
vanishes. Thus we have obtained (4-9). It goes without saying that the 
relation (4-6) can be verified in the same way. 

The expressions (4:4), (4-5) and (4-6) mean that the quantity T[C] 
can be regarded as the generating function ‘of the gauge transformation 


(4-1). Namely, every dynamical quantity G transforms in this transforma- 
tion according to 


G(P)> atc] G(P)ea Tl] (4-9) 
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From (4-9) we can conclude that the necessary and sufficient condition 
fox that G is a gauge-invariance is 


[1c], G(P)]=9, (4-10) 


or explicitly written 
[P)([Gradp, 2,[C], G(P)], MP))aFp, 
—|[Zn[C], G(P)\Grad UP), MPY)aFp=0. (4-11) 


Since A satisfies (4-2) but otherwise may ‘be chosen arbitrary, (4-11) 
is equivalent to 


[,[C], G(P)]=0. (4:12) 


We have thus obtained the required result: every gauge-invariant quantity 
commutes with &, and vice versa. 

Now, we must discuss how to introduce the gauge transformation into 
the frame of our theory. Such a discussion is necessary because the ordi- 
nary scheme of the gauge transformation in which the field quantities are 
transformed according to (4+ 1) can not be directly taken over into our 
theory. In fact, it can be seen at once that, if one adopts (4; 1) and re- 
places the original field quantities by the quantities transformed according 
to (4-1) it destroys the invariance of various fundamental relations in our 
theory. The commutation relations, for instance, between new variables 
(which we distinguish by a prime) become then 


Lamp), AM Py]=-4 g"D(P-P) 


1($(P), o"(PY=et OOM, (PP) 
etc. 
while the field equations for the free fields take the form 
(a’/=0 
{ (a, Grad—ie/% Grad 2) + xB }y'=0 
p*'{ (a, Grad +ie/% A) —ixP}=0, 
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and finally the generatized Schrédinger equation is 


ae 
{H' +2((p*og’), Grad A) +5 ae }w’=0 


with 


H =—e( ya", A’) 


Thus our theory would not be invariant under gauge transformations. 

But, as we shall show in the following, our theory is still invariant 
with respect to the change of the gauge; in other words, we can introduce 
the law of transformations for various quantites (in this case not only for 
the field quantities but also for the ¥-vector Y{C]) in such a way that 
the fundament&l relations maintain their forms when we go over from one 
gauge to another. 

This can be done by decomposing the generating function ILC] of the 
gauge transformation into two parts, one of which transforms the dynamical 
quantities, the other the ¥-vector in. such a way that the above-mentioned 
requirements are fulfilled. This possibility of separation in a relativistically 
invariant manner (so was the construction of our fundamental relations !) 
may be regarded as an indirect proof of the compatibility of the Lorentz 
and the gauge transformations. 


Boince [e. qr ewalds : |=0, it is obvious from (4-3) that 


tO, 


i Ae 
[ Cle Here ayn |=9, 


whence we get 


tan t 
ce (H+ a \e ele =0, (4-13) 
Pm 


We introduce now: 


T[C]=r1C]+71¢] (4-14) 


with 


(C]= —\A?) (Grad, Div A(P’), M(P’))dFp, 


+(Div ACP’) (Grad AP), NUP))dFer (4:15) 


o! 


Cc 
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PC] =e[2P dF MP) Gradn)((J(P"), N(P"))DP'—P dF} 
Cc C 
+e { (Grad AP), NP) dF |(I(P"), M(2"))D(P'=P)dFon 
c c 
= eCPM PYIP)) dF, (4-16) 
Cc 


and prescribe the transformation rules for the dynamical quantities and the 
g-vecter by means of 
G(P) 3 #1 Gp) 4] GP) 
for any dynamical quantity; (V) 
ee ee ee 
for the %-vector. 


The relation (V) gives rise to the following transformation for A, ¢f, ¢f*: 


h h 2 
A — A+Grad 4 (mers (unchanged) (4-17) 
as can be easily verifled. This guarantees the invariance of the commuta- 
tion relations and of the free-field equations. 

Noticing that 


which follows from 


“AC a i= [Div (Grad 4 Div A—A Grad Div A)aV 
=[. Div A—AL] Div A=0, 


: z @ z 
one obtains from (4-13) and (4-14), using cH TY) et e#T which re- 
sults from the fact that 7 commutes with 7’, 


z z Z Zz 2 
SY (ety egts #2 ) at et) 
e% (¢ E'’He al + Fa, Fe e 


or, multiplying from the left si e#? and using (V). 


(H+ ae sor )P'=0. 


116 Z. Kosa, T. Tacui and S. ToMONAGA 


Thus the convariance of our generalized Schrédinger equation is also pro- 
ved. It is obvious that, on account of (4-10) and (4-14), the expectation 


‘value of any. physically measurable quantity maintains its value in the 


transformation (V). Thus the invariance of our theory under the transfor- 
mation of the gauge has been proved. 
It may be of some interest to check our assertion by means of a direct 


2 2 
calctilation. What we must verfy is that the equation (¢ a 1 ieee 7 ) 
: 2 Ole 


x eT EV Y=0 does really hold. Since 7 commutes with H (see § 3), 
the first term gives 


Z z z t ° 
ETH eT ea TU mea ae 
e e grea’ oD a (4+5[r, HIE 
=e #T {H—e( pray, Grad A) }¥. 


As for the second, we obtain the following results : 


| Dah pee 258 EAE dy[C] 
=, % S10. SSS ee 
Ge ee ac Ben)? 
From (4-16) 


PLC). 6 Div( IPP) = —e(I(P) Grad HP) = ~e(oa, Grad 2). 


whence 


ca. Ce mee 


Summing up the results and multiplying from the left by car we arrive at 
ho) OY 
(4+ ger) ¥=°. 


which is the original equation. (to be continued.) 
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Introduction. 


The canonical transformation in quantum mechanics was considered by 
several authors and the correspondence between the treatments in quantum 
and classical mechanics was made clear by Dirac” and Jordan especially. 
Further Dirac anticipated an existence of the generalized transformation 
function. Recently Prof. Yukawa pointed out again the importance of this 
conception, and Prof. Tomonaga® has shown that in the field theory the 
general transformation function can exist in some restricted meaning using 
some canonical transformation. Hence it will be worth wh'le to formulate 
the canonical transformation and the perturbation method as its application 
in the quantum theory of ficlds. Here it should be mentioned that recently 
Dr. S. Watanabe has treated the same problem independently. 


§1. Point Mechanics. 


In the first place we shall treat the problem classically. For the sake 
of simplicity, we consider a mass-point in one-dimensional space, and take 
L(q7¢) as a Lagrangian, where g is the coordinate and a function of time 


t, and gat. The equation of motion is given by 


OH iecees J's 6 
Fa dicb le = 1 
where 7 is canonical conjugate to 9, H= H(7,¢) is the Hamiltonian cor- 


responding to Z. 
Now consider a canonical transformation (f,7) > (P, Q) produced by 


a substitution function W(g, Q,¢), where (7, @) are the new canonical 


variables. This is defined by 


* This work was read at the Symposium of the National Research Council of Japan, on 


Noy. 18, 1944. 
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aw _ ow 9 
sia ey (2) 


Further the new Hamiltonian is 


K(P, 0, t)= H(t 9) 25 (3) 


where the f, g in the right-hand side are to be considered as functions of 
P,Q defined by (2). 
The Hamilton-Jacobi’s equation corresponding to (1) is 


Ce 2) cL 5: (4) 


Assuming the solution of (4) to be S(g, Q, ¢) (Q is an arbitrary constant), 
we obtain a canonical transformation (p, 7) > (P, Q), provided that —S is 
taken as a substitution function. 

Now we have a well-known solution of (4), i. e. 


T 
W= |Z ey aes (5) 
é 
If we take as g(¢) in (5) that which gives the extreme value to the integ- 
ral (5), then the canonical variables p(¢), g(¢) at the time ¢ are transfor- 
med to P(7), Q(7) at the time 7 using this W as the substitution 
function. 


In the second place we consider the problem quantum mechanically. 
Following Dirac 


(21 Pid)=-4- 35 (217) 


eno / 
(Qlp|7)= 7 e219). 
In general we obtain the following relation 
(Qala, Q)ig’)=a(9'Q’)(Q'17’). (6) 
Putting 


(Qf )aer OO (7) 
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we obtain 


(Q'| Pl¢’)= SEAS 7) ” 
(Clel/)= INE ey) 


Comparing (6) with (8), we obtain the following as g-number relations ; 


_ IW(9Q) _ SW 90) 


provided that the arrangement of g, QO in W are well-ordered. Frora (9) 
we see that 


Pe AC OU (ag, Q) (10) 


is the transformation function corresponding to (q’-representation—Q’-repre- 
sentation). 
Following the Heisenberg’s picture, the state function is transformed by 


bo YaUy! 
corresponding to (10), and any operator O is transformed by 
0-9 0=U0U". 
Putting O=/ or =g, then 
p> P=U PU", gg =Q=U.QU". (11) 


The proof for the equivalence of this with (9) is given by Jordan. 
Now. we consider the perturbation theory as an application of the 
canonical transformation. We assume that the Hamiltonian can be written 


as follows ; 
H= Hp, 7) + VA, 9 #) (12) 
and further that we know the solution W=W(gQ?), which satisfies the fol- 


lowing equation, 


_ aw oN 13 
SW H(-2, ¢)=0. (13) 
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Using this HW, and defining ~ and P to be equal to —3W/dg, and 91W/0Q 
respectively, then we obtain the following W as an operator 


t 


W=\ HA, 9)4t 


0 


if we insert the above defined (P, Q,¢) and g(P, Q, ¢) into (13). Here 
we take Heisenberg’s description, so f, g are functions of 7, but //, does 
not contain ¢ explicitly, hence //) is constant, so we obtain 


W=AHA(p, 9)t 
where we can take f, g at any instant for those in 1. Therefore 
Uaee hh DF (14) 
Furthermore, assuring Ay to be any rational integral function of #, 9, 


LP, qg)=U AYA, ge 
=H(U pU-", UgU") =F, Q). 


Therefore we can rewrite (14) as follows 
U ae P KPO, (14’) 


Using this as the transformation function, the total Hamiltonian is transfor- 
med as follows 


H(pq) > K(PQ)=U"H(p, 9)U 


Taking notice for the fact that we have also the same relation with 
(3) in g-number theory, we obtain 


ey ee 
KP, Q, t) =H ~F, 2) + Wa a t) 


=VW{U"PU, VQU=V(P, Q,t). (15) 
And the new equations of motion become 
4 P=[V(P, Q, 1), PI 
5 (16) 


O=[V(P, Q,t), Q] 


v 
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And the Hamilton-Jacobi’s equation in g-number theory is 


Now we take On the contrary the Schrédinger picture. Then the state 
function ¢ is transformed by (14) Be 


Per ote pe 
and the Schrédinger equation 


4 Hp, g)+VP. 9, DI~=0 


becomes as follows ; 
4 yr ae 
(where ~, g are independent of 2) 
Now putting 
P=UpU", Q=UqU" (18) 


we can write the above equation as fdllows ; 
= Sh + VP, O, t)y=0. (19) 


Here P and Q cantain ¢ explicitly and the variation of these with ¢ are 


given by 


4 pa[H,P), 40=[h. 2] (20) 


It is very interesting to take notice for the distinction between (16) and (20). 
Now we consider a transformation function U’(¢) which transform the 


Schrédinger function y(0) at the time 0 to y(¢) at 4, ie. 
(0) > U'(2)4(0) =1(4), 


The unitary character of U’ is obvious from the fact that the length of the 
vector x is always unity. Then putting 
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U'(t) _ 40 (21) 


we can obtain a hermitian operator W(t) from (21). Then, from (19) we 
obtain 


% dy(t)_ 9lV(2) ae, 
Fn) _ BOY) = — VEOH) 


or 


aw = 
aria VO POD=0. 


Using the relation 
P=alv/aQ 


which is also satisfied in this case considering that W is a functional opera- 
tor of O(0) and Q(t), we obtain 


aw ee | 99 


This is the Hamilton-Jacobi’s equation, and W defined by (21) is a solution 
of (22). 


§2. Quantum theory of Fields. 


Now we can generalize the above arguments into the quantum theory 
of fields. Consider the case where two fields described by the following 
canonical variables are interacting with each other ; 


> > 
A aye) Geikdy t) Fath ZoculV 
and 
as — 
Pel aot) Gareth) a=12...... M 


and the Hamiltonian of the total system is given by 
ams —> 
H= \# ax 


H=H(P, F)+ Ae", M)t VG; Pg). (23) 
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In this paper we shall represent as usual the spatial integral of any 
quantity 4(+) by 


=|4@) de, 


Using the Heisenberg’s description, the commutation relations of the field 
quantities at any instant are given by 


[ok(2t), gi", )]=40,,3"04— “ 


(24 
A-L=T or I ‘: 
All other commutators are equal to zero. 
The equations of fields are 
Zs mf; po a 
ae =[H, 7] +o Vere. 4 
i e (23) 


ay ee pe 
A =H, ) Bat =F a] 

Now we consider only Bose-statistics, then we can take the Schrédin- 
ger picture using the conception of the functional derivative. For the Fermi- 
statistics the above mentioned treatment is very difficult, so we does not 
consider the latter in this paper. 

In the Schrédinger picture, ~,g are to be considered as functional 
operators independent of 4 Defining the functional derivative by the 
following ; 

— : (7) 
GFL y(2)] _ y,, Kloet ear) — Fla )] 


—— ne ] § ’ 
Oy( xp) an fe(«)av 


(hereafter a functional / of any function y(x) is expressed by F=F[ yey}) 
we consider the following equation analogous to Hamilton- -Jacobi’s equation 
in point mechanics, 


agg, OO", f) +(x -3% 1 i 
Sy ea fee ag: , 7 (tp) |@up 


+{z"| - fee , (ar) |dop=0 (26) 
P 


Assuming that we know the solution W of (26), insert it into (26) again 
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then we obtain as in the case of point mechanics 


Wa'¢ II PT 8 hs Ot t] 
=t{ Ae, J+ a2", 2", (27) 
where we use the OTs relation 
_ bW on 9 
5 =p"(4r), ry aed (4p) (28) 


and further Q', Q™ are to be considered as arbitrary functions. 
The transformation function U, corresponding to (27) is 


Dace Th a FNMA +L, OM} (29) 


Now we put 


ee ee (30) 
GP > OLD (x, 2) =U GPU 


The former is a definition but the latter is derivable from (27), (29) 
and the former. This is easily verified from the analogy of this with those 


in the point mechanics. Further P Q are given by 


4 3 a © 
PLD [FOL SO, FO], PHP 
h SI (II IUD zlal) 1d 1 oe 
FE Gigp [APL pt, P,P] 
a 


_And from (31) and (24) we obtain the following 


[Ol (z, £), O12", )]_-=DW(e=2, t—2) 
LONG, 2), O(#", t)]_=DE(z-7, t-7) (32) 
[Ol (z, 2), ORG, #)]-=D™G—Z, t-2) 
Now putting © 
Up=y, 


then the. Schrédinger equation becomes: 
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ta rye 
a et OVO =0 (33) 


The above argument is exactly the same one with those given by Praf. Dr. 
Tomonaga.® 

Now we express those transformation function of y in general with S, 
which transforms the diagonal representation of Q at ¢=0 into those at the 
time 7. 

Then 


x4) =S(1)x(0), 
and from the unitary character of S we can put 
LE 


where 7 is a hermition operator. 
Then 


4 CF Mpegs Wala 39 
MigeBE wae ol tao Ber 
1 4 yPU-1=0 34 
“Ot ==, (3 2) 
Using this 7. the transformation 
(PREP, OLED) > (PAE, Oe? 


can be expressed by 


- — 


. 3 
soa Pe, sole “stn © Pra) (30) 

Now defining 
OVURaVICP'O'); (36) 


then (34) is rewritten 


2 AP 7 peel Yops! il? ies QT] =0 (34’) 
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This is the equation to be satisfied by 7 which is an analogue to clas- 


sical Hamilton-Jacobi’s equation. 


() 
(2) 
(3) 
(A) 


(5) 
(8) 
(7) 
(3) 
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Giant Stars Producing Energy by C-N Reactions. 


ChushirO Hayasnt 


(Received March 20, 1947) 


§1. Introduction. 


Aécording to the shell source model of Gamow and Keller,” red giant 
stars are considered as being at the evolutional stages of the main sequence 
stars and generating energy by C —JV reactions only in a shell inside which 
all the hydrogen contents have allready been consumed. However their 
results about the radii and luminosities of stars with the large mass are not 
definite, because the consistency between the luminosity and energy libera- 
tion is not taken into account, 

In this paper possibie structures of the existing giants which are gene- 
rating energy by C-WV cycles are looked into with the assumptions that (i) 
the chemical compositions are uniforin in the envelope as well as in the 
core which contains no hydrogen, (ii) helium contents in the envelope are 
negligible, and (iii) the heavy elements constitute the Ressell mixture’ which 
contains certain franctions of C and MV. As the typical giants, Capella and 
¢ Aurigae are taken up and equations of equilibrium are integrated inwards, 
considering the variations of the guillotine factor and of the mean mole- 
cular weight if necessary. When the solution of the envelope is of a centrally 
condensed type, near the centre the temperature and the density become 
high enough for C-M reactions to go on, and at a certain point their total 
energy liberation amounts to the fuminosity. Inside the point all hydrogen 
are considered to have been converted into helium, so that energy sources are 
not present and the temperature is constant. The equations of the isother- 
mal core have a solution being finite at the centre only when the hydrogen 
abundance in the envelope, which is equal to that of helfum in the core, 
is limited to a certain value. In the case of too little hydrogen, the tem- 
perature rises inwards so slowly that the radius of the core is small as 
compared with its mass and the central density becomes infinite. On the 


ee ee 
(1) G. Gamow and G. Keller, Rev. Mod. Phys. 17, (1945) 125. 
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other hand, for too much hydrogen the radius is too large and the mass 
vanishes before the centre is reached. 

Atter integrations it is shown that both stars have solutions when their 
hydrogen are nearly 39 %, and the mass of cores.are small as expected 
from the fact that the stars satisfy the Eddington’s mass-luminosity relation 
approximately. It is also shown that the temperatures of the cores are 
very high, 42 and 65-10° deg. respectively, and electrons are degenerate 
near the centre where the densities are of the order 10° and 10° gr/cm’. 


Thus. these stars actually obey the Gamow’s modei, and ali the giants 


which lie between the two in the Z-R diagram can be considered as hav- 
ing the same structures and energy sources. 


§2. Point Source Envelopes. 


With negligible heliun contents, the mean molecular weight / is given 
by 


1 


eat ee i. 
B 2X 7+ tte( 1—-Xy) ( ) 


where Y;, is the hydrogen abundance by weight, and %g, the number of 
free particles per unit atomic weight of the Russell mixture, is given in the 
Stréngren’s table as the function of the temperature 7 and the ionization 
limit g/A7. Let 1, be the electron density, then 


: 2QrinkT)% 
coh? 9 Cae” (2) 
where m is the electron mass. Values of %g for T7<10* and g/&7=10, 
15, 20, which are necessary for outer envelopes of € Aur., are supplement- 
ed by the same method as Stréngren.© For 7>10* and g/£T >4, trg= 
0.50 can be taken within a small error. Opacity coefficients by absorp- 
tion x,, and by scattering x, are 


2 =3,9.10°— fs (1-X8) (3) 
x,=0,19(1+Xy) (4) 


(2) B. Stréngren, Zs. f. Astrophys. 7, (1933) 22. 
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where p is the density and ¢ is the guillotine factor. ¢ and total opacity x 
are tabulated by Stréngren® and Morse™ except for 7< 4-10°, where ¢ can 
be put equal to unity because the low temperature region is quite small. 
When the temperature gradient becomes large as compared with the pres- 
sure gradient, which is the case where the central condensation of mass is 
relatively small, the convective equilibrium becomes stable in place of the 
radiative one. Then it is assumed that the temperature. gradient is given 
by the formula of the adiabatic change of matter and radiation, with the 
ratio of specific heats of matter 5/3 


a a eager ees oer ona 
Teor ts is Par [. DP + 40y +32 @) 


where P is the total pressure, y=/,/?, ratio of gas and radiation pressure, 
and y distance from the centre. In the case of the radiative equilibrium 
where radiation flux at r is L(r)/4a7° 


ie iad =e te 3x0L(r) 
eT de (6) 


The actual gradient is given by the smaller (absolute value) of the tivo, 
The fundamental equations are, together with (5) or (6) 


SF ee Lae \ Ue LAB = 
oa W174 Bc a, (7) 
aM(r) =Amy"p (8 ) 
dr 


where JM(r) is the mass inside 7, A proton mass, G the gravitation con- 
stant, and Z(r)=Z until the energy generation begins. The observational 
data used as the boundary values are given in Table l. 

In the region where M(r)~M, the solutions are obtained analytically 
by the Stréngrens method. Using the values thus obtained, which are 
shown in Table 2, numerical integrations are started inwards. Taking += 
log (R/r), y=P,/frr log L, and g=M(r)/M as variables, four figures cal- 
culations are performed with the Runge-Kutta’s method, a step of # is. 0.02 


—- 


(3) P. M. Morse, Astrophys. Journ. 92, (1940) 27. 
(4) S. Chandrasekhar, An Introd. to the Study of Stellar Structure (1939). 


(5) B, Stréngren, Zs. f. Ap. 2, (1931) 345. 
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until +=1, henceforth 0.5 and it is about 70 steps to the cores in Cap., 
and more in € Aur. 


Table 1. 


spectral effective radius luminosity 
type temperature R/IRd 


interface 


star 


7x | log | a7 /.i9| log p* 


starting value | 
AGT 70) ; 
T | &=7/R | M(Y)/M| y=Py Ite (*/Ro) 


0.40 | 0.909 | 6-105 | 0.6708 | 0.9926 | 18,62 | 38.7- I 2.660 | 0.286 | 1.51 


Cap. | 0.87 | 0.948 | 6-105| 0.6794 | 0.9925 | 17.95 40.7-10% 3.558 | 0.233 1.51 
r | 


0.31 | 1.035 | 6-105 | 0.6963 | 0.9922 | 16.73 | 50.2. 10° 9.102 | 0.100 1.48 


0.43 | 0.874! 1-105' 0.7310 | 0.9969 | 2.960 {49 -10° 3.797 | 0.995 | 1.47 
Se es | 1 ees SS ieee 
¢ Aur. | 0.37 | 0.948 | 1-105; 0.7520 | 0.9968 2.750 | 64 -108 3.281 | 0.413 | 1.58 
ae a | 
0.31 | 1.035 | 1-105| 0.7720 | 0.9965 2.630 | at €=0.065 mass vanishes 


§3. Energy Generation. 


When 7 and ¢ become high enough and the C-JV reactions begin to 
go on rapidly, the variation of £(7) must be considered, i. e 


gO" =4nr*oe (9) 
é=s6,0X  Xopyt (10) 

re e 2 
r=3(— Spat) > le e0=23.55 (11) 


where Xo,y, combined abundance of C and J, is assumed to be 1% of the 
Russell mixture. The’ right part of Table 2, shows the values where Z(r) 
vanishes. At this point P,.Z7 and M(r) are continuous with those of the 
interior, but » must satisfy the following conditions owing to the disconti- 
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nuity of the chemical compositions. 
Se eae 
ni ope 
1 (12) 
3 ie ’ xX om XxX 
Grune t tx — Xie) i f 


t= 


where p and p* are densities out and inside the interface respectively. 


§4. Isothermal Cores. 


The integrations must be advanced further to find a solution which has 
no singularity at the centre, but in place of them, following Gamow, fitting 
of the values above gained to non-singular solutions of isothermal cores are 
tested. Electron pressure and density are generally given by 


% 9p 
*(1+—yeeru) male 
AMC 


P= 5 (2MkT YET CS o(, T), Gu=| sore (3) 
o : 
Nove 2 (Qik T) 4S 4H, T), 
icing PF a : 
5 (14) 
- 10s = u\(1 +3 ua, 
Glo= o~vru 2! 7 
and the pressure of the oe particles is approximately 
Py=—° kT (15) 


: “fey 


where p, and p#y are the mean molecular weights of electrons and ions re- 
spectively. The equations of the isothermal cores are reduced to 


ab Mr) pe GH (16) 
adr r el’ 
AUP) — Gray, Trp (Qnk TY (17) 
ar 
i! SF PEG gr a IA RSE 
ae as he ae a=(G, de ¢p He ay sa 
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where A <1 and negligible when electrons are degenerate. In our case 
the relativistic effects are small. i.e. S&T /me* <1, then Gi, can be expand- 


ed as follows 


Dee t (ELS Fe Ceyaset 
cult, N=Pu) + LP) + ae (Ge) H+ 
oe kT, , . 
AW) =| seep G9 


0 

Values of #,(¢), Fermi-Dirac functions, are tabulated by Stoner. The esti- 
mation of #.is not easy. For simplicity, it is considered that for dense 
matter space is closely packed with ions of sizes given by Slater’s semi- 
empirical rules, and their outer shells, which are stripped of owing to their 
overlapping, give free electrons. For two cases, pure Russell mixture and 
X,=0.4, relations between #, and p are calculated, as shown -in Fig. 1. 
For low densities, the temperature ionization predominates, and at a inter- 
madiate density. 4, has its maximum values. Equations of the cores with 
T= 38.7-10% and Xy,=0.4 are 
integrated from the centre out- 
wards for the cases, ¢,=0, 
30, 20, 10 and 4. Using the Q4 
solutions, p*—r* curves for 
given core’s mass JM*, i. €: 
fitting curves, can be drawn. 
They are slightly shifted to the 
left as compared with Gamow’s °? 
owing to the larger values of 

#, at the transition densities, 0.1 


05 


ewes. 


Teap. lonia WX. ~  Xne 20.4 


Se 

\ \T=60-10° 
aA $ 
43-10 


Electro-static corrections will é 3 4 i) 6 T 
further shift them in the same st ht 
direction. Fig. 1. Variation of pe 


§5. Fitting of Cores and Envelopes. 


In our case where relativistic effects and the variation of p, are small, 
following transformations of the fitting curves are permissible 


(6) E. C. Stoner, Phil. Trans. Roy. Soc. A, 237, (1938) 67. 
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M* p* 7 *—% = invariant. 


5 ROBE | 
Te ~ TR 


pk ~ pT ~ Mp (20) 


Vr mw 


Fitting curves for M*, 
T*, and p*, which are 
given in Table 2, are 
thus transformed from the 
original ones and they are 
compared with their cor- 
responding points (*, r*) 
of the envelopes, as shown 
in Fig. 2. For large Xy, 
M* ‘is also large and 
core curves are on the 
left of the points, however 
for small .X, the situa- 
tions are reversed. By 
interpolation, fitting solu- 
tions are obtained, which 
are shown in Table 3. 


Fig. 2. Cap. A 
7 Table 3. 
log p* | M*/Mo | */RD te Pc 
Cap. 0.85 | 42-106 1.50 0.198 0.0302 


0.410 0.0186 
} 


65 = 10° 1,58 


§6. Conclusions. 


133 


“In Cap. the region where 80% of the total energy is liberated is r= 
2.57 to 3.02-10-* Rg. its mass 4M/=3.10~* A7 and the mean energy gene- 
ration is a order of 10° ergs/gr sec; the same is for € Aur. This is just 
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what Gamow considers as a shell source. At 7=40-10° C?+A reaction 
is the slowest process, however for simplicity the rate of N“+ H' reactions 
is used-above. At such a temperature reactions between hydrogen or helium 
and heavier nuclei can still be neglected. In the case of Cap., for Xu> 
0.35 envelopes are in radiative equilibrium everywhere, for 47 < 0.35 con- 
vective currents appear near the interface, and the solution obtained lies 
on the boundary. In ¢ Aur., for XYy< 0.43 where integrations have been 
performed, corivections always appear owing to the small values of y. and 
in the case of the solution 7=0.37 they begin at r=0.27R. The ac- 
curacy of the solution for ¢ Aur. is smaller than that for Cap. because of 
its low temperature near the surface, i.e. incomplete ionization, and the ef- 
fects of viscosity to the adiabatic change of matter. And in Cap. Xy will 
have the uncertainty +0.02 owing to uncertain factors of opacity 7, energy 
generation ¢, the variation of p, and the electro-static effect for degeneiate 
electrons. 

Mass frac.ions of the cores are comparatively small, M*/M=0.047 for 
Cap. and 0.028 for € Aur. When ¢, i.e. radiative width [, or C-N abund- 
ance Xo4y, is decreased by a factor 10, they are increased to 0.056 and 
0.037 respectively. In either case, they are ‘smaller than that of the gene- 
ralized Cowling’s model. Then it may not be certain whether in the past 
the consumption of hydrogen in the central region was faster than the 
supplement by the circulation and diffusion, or they are not at the evolu- 
tional stages of the main sequence stars but were formed originally by the 
aggregation of matters around the nuclear stars which tacked hydrogen 
from the first. 

In concluding the paper, the writer wishes to express his sincerest 
thanks to Professor H. Yukawa and Dr. S. Miyamoto for their continual 
encouragement and kind guidance during the work, 
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Kyoto University. 
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Some Remarks on the Non-infinitesimal 
Commutation Relations.* 


Eizo Kanal. 


(Beceived April 10, 1947) 


§1. Introduction. 


As well known, the quantum theory of wave fields is made up of fol- 
lowing two stages, 

(1) quantum kinematics, (2) quantum mechanics. 
The former is characterized by 

(1’) commutation rules, 
-and the latter by 

(2’) field equations. 

At the present standpoint of view, (2’) are the same as in the classi- 
cal theory and are derived from the Lagrangean function by the action 
principle. Then they are written as Poisson’s equations, and ‘are interpret- 
ed as g-number relations, when we pass to the quantum theory by meaus 
of (1’). Judging by this circumstance, we may rather see the essential part 
of the present theory in the stage of quantum kinematics (1), which repre- - 
sents the mutual interference of physical quantities. 

But (1) cannot be defined willfully. They must satisfy at least follow- 
ing two conditions : 

(a) compatibility with the field equations, 

(b) relativistic invariance. 
In fact, Heisenberg and Pauli” proposed a canonical procedure satisfying 
above two conditions automatically, but their method contained the ‘so-called 
infinitesimal commutation rules. Indeed their quantization program showed 
the many successes in various directions, for example, in the explanation of 
the particle aspect of the wave field, but led to the divergence difficulties 
at the same time. 


* The contents of this paper were read on Nov. 22, 1946, at the Symposium of the Japan 
Physical Society held at Kyoto University. 
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Since-it has been often stated that the difficulties were due to the 8- 
function-like commutation relations between the ‘fundamental quantities of 
the field, because they implied the eigenvalues of the density - operator to 
be-either 0 or ©, that had to. do with the point charactar of tke particle 
associated with the field. Of course, we cannot exclude the possibility that 
these defects may be due to (2’), namely we may need to give up the 
simple linear field equations” or even the description of the natural pheno- 
mena ‘by the differential -equations, ® However, we shall not. touch this 
problem. here and shall try to ask for the non-infinitesimal commutation 
rules, retaining ‘the field - equations in the present forms. At first sight, 
above two conditions (a) and (b) seem to permit many other possibilities 
than the present one. To take up this question and investigaté the pro- 
perties of such a newly quantized: field is just the. aim of this paper. 


‘£2. The field equations and the general 
eommutation relations. 


_ . Here we treat throughout the complex scalar field. and represent its 
scalar wave variables by. 


P(x), oh (x*) (a*=2; y, 9,.c¢; =x, te —-*,) 
which are Hermitian conjugate with each other, when considered as g-num- 


bers.. For Simplicity, we assume the field equations as follows 


id eae) Wie 
Ba"OK,,. ie )p=0 
or 


Man, Ba (s-#)¢. (2-1) 


“ apt Sate : => -_ : > 
Then, at the time t=const., q(x, 4), o*(, 2), I(x, t) and JP*(x, 2) 
are independent. . So, in order to complete the. quantum kinematics | of $1, 
(1), we must determine quantitatively. the commutation relations: betiveen’ 


any pair: of these. variables, . However, we. take,’ for. simplicity, following 
special. selections 
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[WCx, t), $2, DJ=fA(e—-¥’) 
[(2,0), 1G, )=@-#) 
[M(z, 2), (2, ))=h4—2) 
abe [ J=90 


where we must decide the functions 4, 4, and “4, by means of (a) and (b). . 
of §1. For the time being, we don’t distinguish the (+) type or the ‘—) 
type of above brackets. But, for both types the next relations are true, 


[A+B, C]=[4, C]+[Z, C] 
[4, B+ C]=[4, 4]+[A, €] 
Seer py=! 24 |+] 4, 2 


3x3 Lax’ : Oxi 
[4, B}*=[8*, 4°] 


§3. The postulate of (a). 


For example, from (2-2) we have using (2-1) 


d= salt, aU, $419, We =fe—2) $8) 
fi(—2)=—f2) (3-1) 
ie soll, I*=(d—# [gf W] + (2-2), 
en = (AS = 2) (4A ye 9) 9 
0-2, =U) PUL] 
=(4-PYG-7) +hG=#) 


f(t) = — (4-262) G. 2) 
And from the relation [b, oe t=", oF] 
F(—2) =h(4) (3.3) 


Thus / is uniquely determined by f,, which is subjected by the condition 
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(3-3) as likely as fy by (3°10). 


$4. The postulate of (b). 


In the infinitesimal Lorentz-transformation of the space- and time-co- 
ordinates 
raha ah + eSya” - (SH =—S*) 


the field quantity (+) is transformed as follows 


(x2) = (2). 


Then 
rH! Oh( a ax” “ 
hia) = ila) - A) aa =¢,(%) — egy (*) Su . 
Therefore 
'h(a)=¢(+) —eh,(4)S" yr ; 
M(x) = U(x) —ell,(2) Stee) St (dart) 


Using these expressions, we have for example 
(ia), OMe =L6), POD] 
— eS (22), 1+ TH), FeO): 
Owing to the postulate of (b) 
S* (xa), OC + av 1b), He) =P. 


Since it is necessary for this equation to be satisfied in any value of S*’, 
the coefficients of S*” must be equal to zero. Firstly, putting the coeffici- 
ents of S* equal to 0, we obtain, 


C= ALM, o]+ 2b, Ua len TET eT 
7 > > => 

a aip(e—#) + 2°42 ~2) 
oak 3 


> > 
om f(e-2)) 
= (ata! fil aa ?) 
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= > —-> 
(2* +2") a—x') =0. (4=1,2, 3) 
Nextly, from the coefficients of S* 


O=x* [v., Pp] +2"[¢, Po ]—#'[ pa, ot —a'{y, P,*’] 
ao 2a) +4" ee 


—#3 5@-¥)- 22 HG?) 
— — 7h on a» ee ds va 
= (2-2) (tx) 
(2? —~2!*) h(t 2 2, =0 (i; Bal, 2, 3; tek) 


Applying the analogous procedure to other commutation relations in (2-2) 
and together with above equations, we can sum up the resulting conditions 
for f, and f, in next forms. 

(1), with respect to f 


RD + A d—# (a) =0. (721; 2; 3). (42) 


(2), with respect to /; 
xf(z)=0.  (i=1, 2,8) (4-3) 


(1) and (2) are entirely independent. 

From (4-3) it is obvious that, as for f;, there are no other possibilities 
than Dirac’s 6-function. With this, and putting ;,=/=0 we shall be led 
to the usually quantized field. 

So, if we want to go beyond the infinitesimal quantization of the feld, 
we should have 4==0 and then investigate the solution of (4-2), to which 
we may add further condition 

lim f(z) =0. (4.4) 
jal —> oo 
Because physical quantities infinitely separated from each other are thought 
to have no relations. 


140 FE. Kanal 


§5. One solution of the equations (4. 2). 
Slightly modifying eq. (4-2) 


Lael soiree a“ =(#— Af, 
BOr sy OY rz 


9 ft 99 9 A (2-4 
2s Seas ae | Yr 


To solve these partial differential equations, we assume 
Ra=KR), R=V+H +H. (5.- 1) 


Then we obtain the ordinary differential equation to determine f 
: : af 
4. 8f—x#f=0, f= ys. 
AR’ +8f—xf=0, fae 
. Its solution can be writteu as follows 


fale tte ak (5+ 2) 


where g is a constant proportional to %, because the commutation’ rules 
should become zero as % tends to zero. 

As for the integral path C in the ¢-plane, it must be selected to sa- 
tisfy- the condition . 


[eka], =0 (5-3) 


as is easily verified. Two independent selections of this path give two in- 
dependent solutions of (4-2) under the assumption (5-1). 

For example, we can take a circle around the origin in the ¢-plane, 
which gives 


[% (xVR). 


Or we can take the semi-real axis from — oo to 0, which gives 


fra 


Fag SHOR) 6-4 
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In the limit of large R, / diverges strongly, while 


FO ma | FE ge VR RY, (5 - 5) 


So, on account of (4-4) we can only take the latter solution A=/(A), and 
then considering (3-3), g must be real number 
g=th,. T=Tt"*, ©) * 6) 


According to (5+ 5), 4 is spread over the finite regions whose radius is 
about 1/x. Such function was once derived by Pauli,” who called it D,.* 


§ 6. Hamiltonian equations. 


We have completed the quantum kinematics in §3—§5, and hence the 
field equations (2. 1) can now be interpreted as -Heisenberg’s equations of 
dynamical variables, which determine the changes in time of ¢ and //. 
Since - their ‘forms: are of the differential equation, the development of ? and 
JT must be the succession Sof infinitesimal transformations. Therefore, we 
can- expect, in ‘this system too, the ‘presence. of | the . Hamiltonian, that is, 
‘the operator translating the. time infinitesimally. 

In order to find this Hamiltonian, we assume the next expression 


Aaitcl (a, 2G 2 Ie") — IP 2) )de'de" (6-1) 
where c-number function p should be decided to satisfy the equations ; 
Fe ic 88 = FHF (6 - 2) 


for: any quantity not containing the time explicitly.- For example, putting 
F=y, we know a necessary condition for p 


JAG Poe —x" de! =9(x, 2”) (6 - 3) 


Of course, p is not an ordinary function. However, if we consider p as a 
real and even improper function like the d-function, we can easily show 


= Here I thank Prof. S..Tomonaga and Mr. T. Miyazima who kindly suggested to me 
the fact £@) « D,. 
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that (6-2) reproduces the field equations (2-1) and their conjugate ones for 
F=¢*, II and IT*, So (6 +2) is true for all dynamical variables not con- 
taining the time explicitly. In other words, A is just the Hamiltonian of 
this system. 

The presence of H gives us the possibility of passing to the Schrédin- 
ger description of this field. Namely, representing the Schrédinger functional 


by G, Schrédinger equation becomes 
pt Te ape. (6 » 4) 


Or, in the stationary problem, we have 
(H~£)£=0. (6 + 5) 


where £& is the energy of this state. 


§7. The properties of the present field. 


From (6-1) it is seen that H is Hermitian but not positive definite. 
These facts can also be shown by the following consideration. We begin 
with the introduction of new variables f(x) and JI’(x) ; 


oi (#) = [ocx, Teta de" 
(7.1) 


Wz) = (oa, 2) I1*(z! abe! 


. —> ; 
which are different from ¢*(x) or II*(x) respectively, merely by the nor- 
malization factor Jo(+, x’)dx', because of the d-function-like charactor of p. 


Then we expand ¢, ¢’, IT and JI’ into Fourier series in the periodic volume 
V; 


> 1 >. >> = 1 > 2 
*)=— K)e (A; *), = —_ 9}: =I1(K, x 

Ai er 2 a( Ke (4) vPe al (K)e-#(% +) 
=> 1h > > > 1 —_ —>-=> 

ll t)=_—— A, U _ , —3| 3 é 
(x)=. Te *), I'(x)= aie wie (A, x)\, (7-2) 


(w= 7 RE+H). 
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Using the commutation relations between ¢, ¢’, I] and II’; 
> > > 
oC), #{2’)]=A(4, x’) 
> = > => 
[/I(z), Ma!) =—(4—2*) aC, 2") (yese8) 
other [ ]=0 
we obtain the commutation relations between the Fourier amplitudes 


[o(R), a'(L) ]=a2% =[4(K), UC(L)] | 


other [ ]=0 Sell 


Or, performing another transformation ; 


A(R) = 


Flot) +04), A(R) = Felt (h) iB) ) - 
bene 


= Lod) antares Feat Papbarryn 
B oie Pes i? 7 oles MR 
(BR) =a K)—i8(K)), BR) =a (A) +84) 
we have af last; 


(A(R), A(Z)]=e2 7 =[8(X), BZD) ) (7. 6) 
other [ ]=0 | 


With these vaiiables, A can be written as follows, 


Hike D oxf al R)b(K)—2'(K)a( K)) 


=teD wx A R)ACR) —B'R)B(R)). (7+ 7) 


A(R) and A’ (R), B(R) and B’ (R) are not Hermitian conjugate with 
each other, but their differences from the conjugate relations are only due 
to the constant normalization factors. So we get the same result as in the 
ordinary cases, that 4’ (KAR ) and B’ (K)B(R) are both Hermitian and 
have eigenvalues equal to zero or positive integer. 

In this situation we are forced to adopt the (+) type commutation 
relations in all above brackets. Because the (—) type quantization permit 
the negattve energy states even in the isolated system. In other words, 
according to present tormalism, the scalar field must be quantized so as to 
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obey the Fermi-statistics, which enables us to employ the Dirac’s hole the- 
ory. But this: fact contradicts the well known relation between the spin 
and the Statistics, so long as we consider the spin in the sense of ‘Pauli® 
and Fierz. 
Using the hole theory, we know that the present field consists of two 
kinds of particles, each of which has the energy #icwx corresponding to the 
—_> 


wave number vector X. 

On ther other hand, the appearance of two kinds of particles with the 
energy of opposite sign is sufficient to compensate the dynamical self-force 
in the interaction with other fields as is seen from the cases of Bopp® and 
Dirac.” However, we shall give up to extend the present method to the 
interacting systems, for it has already the clear discrepancy with the ex- 
perience as for the relation between the spin and the statistics. 

In conclusion, the author should like to express his deep gratitude to 
Professor H. Yukawa and Professor M. Kobayasi not only for their kind 
interest in this work but also for the constant inspiration derived from the 
many discussions at the institute. The author wishes to express his cordial 
thanks to Mr. S. Ozaki for his kind attention. 
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The Theory of the Interaction of Elementary Particles. 


I. The. Method of the Theory of Elementary Particles.* 


= 


Shoichi SAKATA. 


(Received April 12, 1947) 


As is well known, the modern theory of elementary particles is com- 
posed of the following three stages. In the first place, a hypothesis con- 
cerning the model of the objects is postulated, with considerations as .to 
what, sort of elementary particles exist in nature, and what sort of interac- 
tion they are subject'to.. Next comes the stage in which the field quantum 
‘theory of. Heisenberg. and Pauli is applied to this system ;.and finally the 
process of drawing conclusions comparable «with experiment by, means of 
suitable approximation methods (chiefly perturbation ~ theory). Therefore, 
when, as is the case today, these conclusions deviate markedly from experi- 
mental results (as does the life-time of the meson), or involve contradictions 
within themselves (for example, the infinite self-energy), the source of the 
difficulties must be sought for with careful retrospection as to the three 
points, corresponding to the above mentioned three stages: (i) the propriety 
of the model, (ii) the limit of the applicablity of quantum theory, (iti): the 
validity of the approximation method. This last-mentioned question of the 
approximation method especially perturbation theory, has been studied in 
detail by Tomonaga and Wentzel and-their respective coworkers, with many 
fruitful. results. Also, the works of Heitler, Wilson and Sokolow are in 
accordance with this line, and have succeeded in removing the diverge nee 
difficulties in the high energy range. We- have studied in particular the. 
"question of the model, and have shown that certain of the difficulties, t tor 
- instance the problem of the lifetime of mesons, can be solved by an alterna- 
tion of the model.” But as concern various divergence difficulties appearing 
in field theory puch as a that of the self-energy of an electron inherent ever 


‘a This. article composes: a part. of the collaborated work on tke theory of the interaction of 
~ -elementary particles;by the. Elementary Particle Theory Group of the Nagoya University. 
“We ‘with to express our cordial thanks to Dr. M. Taketani for his valuable discussions. 
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since Lorentz electron theory, the question seems to be connected with the 
limit of applicability of quantum theory, and hence a new theory has long been 
awaited. It is well known that Heisenberg, discussing this problem, con- 
siders it as a contradiction arising from the over-looking of a new universal 
constant with the dimension of length, which ought to be introduced upon 
unifying the theory of relativity and quantum theory. This has te Sls a 
guiding principle with reseachers of the theory of elementary particles to- 
ae We, too, trust. that his anticipation will be confirmed in the future, 
a deem it necessary to dig down a little deeper in considering this pro- 
blem. 

If the law of the development of physics, governing the direct‘on “in 
‘which theory would make progress in the future, could be discovered, and 
this law be applied consciously to the analysis of concrete problems, then 
we could surely attain our end with far greater facility and certainty than 
depending upon incidental successes due to the gifted intuition of researchers. 
It should be highly appraised that Heisenberg has endeavoured to discover 
such a law within the process of development of the theory of relativity 
and quantum theory by tracing the process historically. However, his ar- 
gumerits, which are based solely upon analogy, cannot be proffer hoc though 
they thay be fost hoc. It cannot be deduced from the fact that the sun 
rises every morning, that it will rise again tomorrow. Thus Heisenberg 
himself does not anticipate an universal length with absolute confidence, but 
simply ‘states that such a‘ consideration lies close at hand. 

Taketani states in his “ Formation of Newtonian Mechanics’ and other 
works that the following is the correct view. That is, we may look upén 
our cognition of Nature as a dialectic logical process proceeding spirally, 
repeating the circle corresponding to the “three stages of judgement” in 
Hegel’s philosophy. He calls these the phenomenological, substantialistic, 
and esseniialistic stages. The first, that is the phenomenological, stage 
implies the av sich stage in which separate facts are described, and corres- 
ponds, in Newtonian mechanics, to that stage represented by the role which 
the works of Tycho Brahe plays. The second is the stage in which the 
substantial structure embodying the occurence of phenomena is learnt, and 
the descriptions of the phenomena are put in order and are moulded into 
laws. Here law is significant as a property of the entity. This is the fi 
sich stage where it is stated that a particular structure possesses such-and- 
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such a phenomenon under such-and-such conditions, and corresponds to the 
Keplerian stage. Lastly, the essentialistic*stage is said of the az und fir 
sich stage in which it is made clear what phenomenon an entity with a 
given structure causes under given conditions, which is the Newtonian stage. 
Taketani applies this view to the present statues of meson theory and de- 
fines it to be in a state of searching for a path to sublimate itself from the 
substantialistic to the essentialistic stage, preliminarily setting things in or- 
der within substantialistic bounds. 


Now, there are various theories postulated to cope with the contradic- 
tions in the ‘present stage of the theory of elementary particles, most con- 
spicuously appearing as the divergence difficulties, and we desire to find 
out the correct direction of development of the theory by classifying them 
from the above stand-point. Firstly, the cut-off method of Scherzer, 
March and others, the subtraction theories of -Dirac, Bhabha, Heitler, 
Stueckelberg and others, and. the A-limiting process“ of Wentzel and Dirac 
all attempt to remove the difficulty by subjecting the present theory to 
certain manipulations (which are relativistically invariant) in order to exclude 
the parts responsible for the divergences, and hence must be looked upon 
as belonging to the phenomenological stage. On the other hand, the new 
electro-magnetic field theory of Mie, Born and Bopp® attempts to clarify 
the substantial structure of the intertaction of elementary particles, so ittmay, 
together with Markov’s theory which introduces non-commuting relations. 
between the electromagnetic field quantities and the space co-ordinates of 
the electron, be classified in the substantialistic stage. It should, of course, 
be noted that such a classificatian must not be made merely formally. 


According to the suggestion of Taketani in autumn 1945, we in- 
vestigated in detail the structures of the Born-Bopp-sequence of theories 
which are. in the substantialistic stage. Born’s theory is famous for 
its non-linearity, and arouses much interest mathematically, but, as Bopp 
has pointed out, its essence does not lie in its non-linearity but in 
that its Lagrangian function involves derivatives higher than the second 
order of the potential. Bopp has in fact, succeeded in constructing 
a theory which, though linear, gives a finite self-energy. The quanti- 
zation of this theory has been performed by Bopp himself but recently 
Podolsky and Kikuchi have also carried it out. With the same results as 
these, O. Hara® of our institute has proved, by the method of canonical 
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transformations, that Bopp theory is a mixed field theory of the electro- 
magnetic field and the neutral vector Yukawa field with negative energy. 
It is termed a mixed field theory because it is of the same type as that % 
which Méller and Rosenfield considered, in order to remove the 1/#’ 
singularity of nuclear forces, a mixture of vector and pseudoscalar fields, 
and.assumed particular numerical relations among the constants of interac- 
tion between them and_ the nucleons. As the static potential of an 
electro-magnetic field has the from <, while that of a negative energy 


neutral vector Yukawa field is —g*e~*"/r (where ¢ and g are the interaction 


constants of the respective fields, Zx/c the meson mass, and 7 the distance), 


. : pip" 
the total static potential for a mixed field with e=g become e(—- 3 ) 


and the self-energy takes a finite value. The original intention of Born 
and Bopp was a justification from the monistic standpoint, but we find it 
desirable, for the below-mentioned reason, to seek the essence of this theory 
in that it is a mixed field theory. 


Hitherto, in field theory, the respective field interactions were taken 
out separately, and studied independently of others. But we wish to main- 
tain that zt zs the most effective method of deveioping the theory hereafter, 
anda promising path to the solution of the present difficulties, to investe- 
gate the internal correlations of the interactions between all the fields in- 
teracting with the same particle and all the particles acting as source of 
the same field. The above-mentioned Bopp’s theory and thé mixed field . 
theory of M¢ller and Rosenfeld certainly point to this direction. Also, the 
theory of Heitler and Ma, which assumes,a multifariousness (various mag-' 
nitudes of spin and charge) in the states of nucleons, which are the source 
of the nuclear field. and further Dirac’s new quantization theory which leads 
to a mixture of positive and negative energy photon fields, both seem to 
verify the correctness of our standpoint. “Dirac’s electron theory. started 
with the assumption that it was. possible to evolve a relativistic quantum 
mechanics in connection with the one-body problem, but met with the 
negative energy difficulty, to cope with which it had, contradicting the. first 
assumption, to pass over to the hole theory, which assumes the existence — 
of infinitely many-vacuum elections. Is it not likely that the same applies 
to the divergence difficulty in the theory of elementary particles? We 
desire to look upon this divergence difficulty as indicating the narrow- 
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mindedness of the formal logical method hitherto employed in complete 
negligence of the correlations between elementary particles as a whole. The 
attitude of studying the various aspects of nature separately, apart from 
their relations as a whole was an effective method in the early stages of 
the development of science, and a fundamental condition for the great pro- 
gress of modern: science. As a, result, we have become used to the way of 
thinking in which nature is regarded as an accidental. collection of mutually 
isolated and independent objects capable of being considered separately: from 
one another. But once this formal logical method, which originates in Bacon, 
exceeds its limits of applicability, it becomes a one-sided, narrow-minded 
method, and leads to insoluble contradictions. This is because we con- 
centrate our attention on separate objects and neglect their correlations, on 
their existence and forget growth and annjhilation, on their stationary states 
and forget motion, seeing, as it were, only the trees and overlooking the 
forest. All the objects and phenomena occurring in nature are primarily 
correlated, depend on each other, and condition each other, so that if we 
take up any one phenomenon in an isolated form neglecting its correlation 
with-environment, we are at once led to nonsensial results. The above- 
mentioned example of Dirac’s electron theory is no special case, for when- 
ever the formal logical method is applied inadequantely and carried through 
to the end, we arrive at a point diametrically opposite to the starting-point. 
There are presumebly very many confusions and contraditions in every 
branch of science, which arise because the majority of researchers are still 
not consciously aware of the limits of such a method. We desire to point 
out to the necessity, in the theory of elementary particles too, of. being 
ever awake to the limit or applicability of this method, and taking the 
dialectic view point that all phenomena in the world are correlated with 
each other, and conditioned each other. 

It is our intention, from this methodical view-point, to examine to what 
extent the difficulties of the theory of elementary particles may be removed 
by the mixed field theory. Also, we are investigating whether the methods 
of cut-off, subtraction, and @-formalism which we mentioned above as being 
in the phenomenologieal stage may not, in some form or other, be corro- 
borated by the mixed field theory. 

However, such a theory as that of mixed fields, which merely postul- 
ates certain numerical relations between the interaction constants, is a theory 
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in the phenomenological and substantialistic stages, involving an external 
and incidental cognition of the correlation between mutual interactions, and 
must, in future be elevated into the essentialistic stage, clarifying the more 
internal and inevitable correlations. Méller’s 5-dimensional theory is note- 
worthy as a research tending in this direction, and we too must not forget 
that our final aim is to elevate our theory to a higher stage. In this case, 
most probably, as Taketani® has discussed in detail, the unifaction of the 
opposition between field and matter will play a fundamental role.* Also 
the existance of Heisenberg’s ‘‘ «niversal length” will be considered pro- 
perly. The reason why we stress the necessity of a synthetical study of 
the mixed field theory including the multifariousness of the source is because 
we consider it an important work to set things in order within the pheno- 
menological and substantialistic stages prior to passing on to the essential- 
istic stage. (to be continued) 
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by interactions between matter, from the standpoint of action at a distance. This is a 
“theory of matter.”, in contrast to the previous “ theories of fields”. Further, he holds 
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of the reaction of fields in previous theories. This coincides with the dialectic view that 
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On the Electromagnetic Properties of Nucleons, II.* 
Eizo Kanat, Minoru Konayasi and Shigeo Koxajr. 


(Received May J, 1947) 


1. In the previous paper,” we have investigated the electromagnetic 
properties of nucleons by calculating the probabilities of transitions between 
two spin states of nucleons caused by radiation field, and obtained a 
finite result which may be interpreted as due to the electric dipole moment 
af ‘the nucleon. But, we have not obtained the’ result corresponding to the 
magnetic moment of the nucleon within the order of approximation made 
in these calculations. Further, it seems to be very tedius to estimate this 
moment in the similar way by calculating the transition probabilities of 
higher processes. 

In this paper, we shall attack this problem on the other side, that is, 
by estimating the energy of a nucleon placed in a ‘statical electromagnetic 
field. Of course, it has been well known that the total energy of the 
system composed of a nucleon and nuclear and electromagnetic fields diver- 
ges as in the calculations of self-energies of elementary particles. And, 
this is just the reason why we have taken recourse to the transition pro- 
babilities in I. In connection with this circumstance, however, we may 
remember the fact that the same diverging results appeared in Dirac’s 
positron theory and this difficulty was removed by getting rid of the 
diverging terms in a relativistic and gauge invariant way.” The diverging 
self-energy of electron has also been removed in Dirac’s classical theory 
of electrons. In the case of Dirac’s positron theory, the definite physical 
‘meanings such as the polarizability of vacuum were given to the remaining 
finite terms. « Therefore, it may be expected that, if the diverging terms 
appearing in the calculation of the total energy of the system composed of 
a nucleon and statical electromagnetic field are removed in accordance with 
the physical demand as in the theory of positrons, the remaining terms 
may be interpreted physically by assuming they are due to the electroma- 
gnetic properties of the nucleon such as electric or magnetic moment or 


* The content of this paper was read at the annual meeting of the Japan Physical 
Society held on Apr. 29, 1946, at Tokyo University. 
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electromagnetic polarizabilities of the nucleon. 

9. From the above view point, we shall first calculate the total energy 
of a nucleon placed im the constant electric or magnetic fields, then sub- 
tract the diverging terms from the results thus obtained following, to Weis- 
skopf’s calculations in the theory of positrons. 

_ For simplicity, we assume here the pseudo-scalar meson theory and 
give the total Hamiltonian of the system as (1), (2a), (2b) and (2c) in I. 
We shall start from the case where no electromagnetic field is present, 
and repsesent the energy and wave function of the system ‘n this case by 
IV, and @,(g) respectively. We can never obtain the explicit expressions 
of them because of the divergence of self-energy of nucleon in the nuclear 
field. Nevertheless, we can put them formally in following forms: 


U 9g 
W.=E,+), Th Ah + Oe) (1) 


i/ 
0(g)= 0,4) tO, 

n —t n 
"__ Hat, 9 ly HeHholiog) @ 
+{ (BIE) (Ea ED” D) Lene + Og") (2) 


nye z 
Here, H®% stands for Hyy in-I. Next, we introduce the eléctromagnetic. 


+field represented by four potential (Ab, A). Then, the wave function (2) 
turns into 

oe cach 

D(ge)=0.(8)+), wwe) 

Poi NGe lebeick Pe ee aL ONL Teil 

+ { nm **mt @ eng Oe in £4 ni ; . 

oak Wi- Win) ( W,- W,) (8) 2 d (W.- tA} HO) (3) 

where. H*’=Ayret Hyur in I. Consequently, the expression ‘for the total 
energy is given by 


[P*(ge), (Hot 1°) O.(ge)]=(Pi*(g), Ho Ps(g)) +(P*(g), Ae (8) 


i Yt), Og Coe EOE) +0(e). (4) 


475; W, 


The first term of this expression represents the. energy of the systern with- 
out electromagnetic field, and the second term is sitnply due to the presence 
of electromagnetic field without changing the state of the system. These 
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terms have to be removed on the same ground as in Weisskopf’s case. 
Further, when we expand the third term in power series of g, we get the 
first term which does not involve g and the second involving g’ etc. 
Among these terms, those which do not involve g must be also removed 
as long as we start from the state where a proton or a neutron exists 
without meson field, because in such a case these terms are merely due to 
the zero-point oscillation of meson field, and according to Weisskopf the 
constant polarizability of vacuum is to be considered as zero. Thus, there 
remain the terms involving ¢g* in which we are first interested. 

3. In order to simplify the problem, we first take up the case where 
only the electric field is introduced. Further, we put this field in the form 


> 127,,°°? >> =~ => 
=-5- Fo Cae +e7***), £,//w (5) 


for the convenience of calculations, and finally in the limiting case where 
|w| tends to zero we shall get the information of the case of constant feld. 


= 
By putting £ in the form (5), we have. the Fourier components of potentials 
in the next form: 


=p 
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—_> > 
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y > —_ 
In the present case, we can put Ayyy=9, and for r=0 (7% is the position 
vector of the nucleon) we get 


> => 
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where the symbols have the usual meanings. By making use of these 
matrix elements, we get, after elementary but rather confounded calcula- 
tions, for the diagonal matrix element of the energy expression 


pie: Es} w AQ oF oF 4k'(k -w)? 3 
) Ligeeer HEP +E ea + 0 ) 


ai egy Ark sees 1 eeer ar _ 4e | Ole). 
Lo oe ‘| Gay GHEY SELEY SEF Ey © (#) 
(9) 


In this expression, * )\ means the summation over all possible intermediate 


= Irs 


— 


k * 
states denoted by the momenta of virtually emitted mesons. By performing 


—_ 
the integral over 4—space, we get the finite result 


— 5, £(4E) BF + 0) (10) 


for the energy expression which involves the interaction constants in the 
form eg’. Further, putting [w|>0, we get finally for the additive energy 
of the nucleon in the constant electric field 2 


ole ea 
— 24 


Ql) 


4, For the case of magnetic field, the interaction terms of the total 
Hamiltonian are given by 


Haz -\(4-d7 ne oe bp bt) dv 
anxehc Y—-4°90¢9 


Fyn =e f_\0(e-A Ao—0*(e- (a Ayr} (12) 


so long as we are interested in terms which involve e*. Their matrix 
elements are given by 


2 
Hea — 2HE 1 
2x x V 6,8, 


>> => => 
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By assuming the periodic field 


72 Sap wz eA =e 
Hoa ee 46"), Hetve (15) 
or 
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as in the case of electric field, we can calculate the finite diagonal matrix 
element of the total system in this case, and obtain in the limiting case 


= 
|wj|—>0 
1l/és*\ Ae 
Wim — 3 (gas) get (17) 


for the additive energy of the nucleon in the homogeneous magnetic field 
Sa | 
Fh. 

5. The above results seem to lead us to the conclusion that owing 
to its virtually dissociated meson ficld the nucleon has phenomenoiogically 
the electric polarizability 


= (ENE ao 
and the magnetic polarizability 
p=— ph (££) wey (19) 


instead of the statical electric or magnetic moment. These results can 
readily comprehended by considering that the electric density or electric 
current of meson cloud bounded by the bare nucleon is properly symmetric 
regarding with the spin direction of the nucleon and the additive finite 
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energies obtained in the above calculations are due to the deformation of 
this density or current distribution caused by the applied electric or magne- 
tic field. This circumstance seems to be inconsistent with the- usual in- 
terpretation of the surplus magnetic: moment of the nucleon. In our 
calculations, the additive energy which depends on the spin direction of 
the nucleon and has hitherto been attributed to the magnetic moment of 
the nucleon has been removed throughly with the diverging self-energy of 
the nucleon in oder to satisfy the physically permissible assumption. 

6, Next, we shall discuss our results comparing with those obtained in 
I. The electric moment (7) of I is the non-diagonal element of the in- 
teraction matrix and we may expect from the order of approximation that 
its square will appear again in the energy expressions.. But, it is easily 
seen that this term has no contribution in the present calculations, because 
the expression of the electric dipole moment implises the vector product 
of two direcrions of polarization of photons which should vanish in the 
present case. Therfore, we can conclude that the additive finite energies 
- obtained in this paper arise from the other. terms of the interaction matrix. 
It is desirable to find the non-diagonal matrix elements -betweenin  itial 
and intermediate or intermediate and final states which contribute to our 
results and decide whether electric or magnetic dipole should be attributed 
to the nucleon. But, judging from our preliminary calcucltions it seents 
hopeless to destinguish our matrix elements in this way because each 
separated term containing the spin operator in different manner diverges’ 
by itself. Therefore, we think we must be contented by obtaining finite 
result in each case. The terms electric and magnetic moments seem to be 
meaningless’ at least in such a case as in the system composed of the 
nucleon and electromagnetic and mesonic fields. 

From above calculations, we can conclude at least that it is very 
doubtful to decide that the diverging additive energy of the nucleon 
placed in the homogeneous magnetic field should be attributed to - its 
magnetic moment as in the usual way. Of course, our assumptions 
made in the subtraction method are, also, by no means free from 
ambiguity. But, generally speaking, it seems to us to be dangerous 
to draw out any conclusion from the calculations concerning the total 
energy of the system in the present stage of field theory. We think 
it is more plausible to discuss the properties of elementary particles by 
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dealing with the transition processes where present theory gives the reaso- 
nable results so for as the first non-vanishing terms concern, From this 
point of view, we shall. again treat the same problems in the next paper 
by calculating the transition probabilities of the -nucleon caused by’ the 
statical inhomogeneous electromagnetic field, and erate those with the 
experimental results more directly. 


In conclusion, we wish to express cur thanks to Mr. S. Takagi for his 
kind assistance to our Calcuations. 


Institute of Theoretical Physics, 
Kyoto University. 
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On the f-itay Spectrum of Cu®. 


In this paper we suggest some modifications 
of Fermi theory of B-decay in order to expla- 
in the experimental energy spectrum of Ci, 4, 
presented by Backus.) The fact that the 
ratio of the positrons and the electrons simul- 
taneously emitted by Cy are nearly indepen- 
dent of the energy of the particles at the low 
energy end, seems to be. at variance with the 
Fermi theory where this ratio should be an 
increasing function of it. Moreover, the posi- 
tron spectrum is in excellent agreement with 
the theory, so that this discrepancy can be 
attributed neither to scattering due to the 
finite thickness of the source nor to idiosyn- 
crasy of the apparatus. 

A theoretical investigation of this difficulty 
has been proposed by H, Lewis and D. Bohm.@) 
They use as the interaction of B-decay the 
linear combinations of the five Fermi interac- 
tions, that is the difference between tensor 
and pseudoscalar, or the difference between 
scalar and vector interactions. ‘These com- 
bined interactions essentially multiply Fermi 
distribution by 1—1//V for the electrons and 
1+1//V for the positrons, FV being the energy 
of the particles in units of mc*. The results 
of this theory, though giving correctly the 
local form of the spectrum below 50 kev, 
could not be made to fit properly into the 
general form df the entire spectrum due to 
slow entailing properties of 1—1//V. 

As far as the light particles are concerned, 
the anomalous dec ease of the electrons and 
the predicted behavior of the positrons when 
their energies are scanty, seems to suggest 
that something might prevent the light parti- 
cles from closer approach to the nucleus. ‘he 
influence of this effecteshould be masked by 
the Coulomb repulsion of the nucleus so that 
the positrons may be affected no appreciable 
change. We assume a repulsive potential of 


short range which is supposed to interact 
between the nucleon and the light particles; 

V=(f?/ae) l/r exp (—7/79) (1) 
where 7) ond / are the range and the strengtis 
of the repulsive force, and solve the Dirac 
equation of the electron and the positron in 
the Coulomb field of the final nucleus under 
the perturbation of this new potential. If we 
assume f*=—9— = , ¢ being the elementary charge, 
we obtain the required ratio, without violating 
the general form of the entire spectrum. 

As an alternative approach, we cut off the 
Coulomb potential at the surface, 7% of the 
nucleus, inside which it may be a straight line 
(surface charge). Thus, the calculation goes 
analogously which gives the ratio 

N+ ae =const. exp(—22aZW/f) 

(aZf ex CraZiViAY Lo Bs ‘* 2 

x {1 eS (2) 
where Z is the atomic number of the nucleus, 
a=1/1387, ~=V 2-1, S=V1—¢zZ?, the 
bar indicates the ore over the entire domain. 


ifre.pnt (2)a , (2) modifies Fermi’s 
result by means of the last factor of (2), so 
that V4/N— may be nearly independent of 
W. While our modifications give rise no ap- 
preciable correction on the spectrum above 
200 kev, they decreases the total probability 
with a massive amount when Z becaqmes lar- 
ge; for instance, it decreases one twentieth 
when Z is 60. This corrections, with energy 
spectrum below 200 kev, are subject to direct 
experimental study. Since 7 is approximately 
proportional to the main part of the domain, 
we consider that (22)" is almost indepen- 
dent of 7. It may be argued here that the 
conventional treatment of Fermi theory where 
the wave function of the electrons inside the 
nucleus is replaced by its value at the margin 
of the nucleus and the results depend on the 
nuclear. radius, might be inconsistent. 
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Lastly we refer to the contributions of C- 
meson theory by Sakata(*) or field theory by 
Pais) to this problem, which has been deve- 
loped to overcome the self energy difficulties. 
While the static forces acting to the electron 
derived from these theories have equal sign 
with the former of our theory, it is evident 
that the value of Charge, f*=2e?, which 
proves the cancellation of the divergent inte- 
grals, amounts 4 times larger than our value. 
If we accept the cut off procedure, we can 
show that C-meson or field will play no obj- 
ectionablé role, pue to smallness of their in- 
fluences, within the limit of our perturbation 
treatment, 

We are indebted to Prof. H. Yukawa, Prof. 
M. Kotani for the cordial interest to this 
problem. We also wish to express our heartly 
appreciations to Mr. M. Taketani for his ad- 
vice and encouragement in this work. 

S. NAKAMURA and K. ONO. 


Tokyo University, 
Physics Institute. 
Aug. 1, 1947 
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Modified Meson Pair 
Theory. 


Exploring the possibility of explaining the 
whole phenomena about the nucleus and the 
cosmic ray on the basis of the meson pair 
theory, the author“) introduced the process of 
exchanging the meson pair (Y*, Y°) or (Y-, 
Y°) between the nucleons, where Y+, Y- and 
Y° denote a positive, negative and neutral 
meson respectively. To account for the fact 
that the nuclear forces are nearly synrmetri- 
cal with respect to the charge of the nucleon, 
it is of course necessary to preserve the pro- 
cess in the current meson pair theory, viz. 


the exchange of the pair (Y+, Y-). The 
mass fy of the neutral meson must be assum- 
ed to be smaller than the mass py of the 
charged meson in order to obtain a finite 
lifetime of the charged meson. 

As the scalar theory can not give the right 
interaction between two nucleons, we investi- 
gated the case of spin 1/2.) The requirement 
of ‘only one type of coupling” (among the 
five posstbilities) restricts the choice of ‘the 
interaction fo an unique posibility viz. the 
pseudovector interaction. With this interaction 
alone it is possible to explain qualitatively 
all known facts about nuclear two body sys- 
tems. In these calculations the mesons with 
opposite charge were treated symmetrically and 
the neutral meson described by the Majorana’s 
abbreviated theory. The divergent interac- 
tion between nucleons was avoided in a rela- 
tivistically invariant way, by introducing an 
appropriate source function and taking the 
limit to a point source in the final results. 

The dimensionless interaction constant @ 
was roughly estimated to be ~1/10 by cal- 
culating the cross section for the nuclear scat- 
tering of the charged meson without changing 
their sign, though it may be determined more 
exactly from the cross section for the proton- 
proton scattering. 

According to our theory, a charged meson 
can be absorbed by a nucleus with the emis- 
sion of a neutral meson, provided the neces- 
sary energy is available. By a suitable choice 
of the mass diference 2 — fy we can make 
it possible that a -orbit meson can be ab- 
sorbed by Fe but not by C¥%. In this way 
we can easily explain the experimental fact 
that the disintegration electrons are observed 
for negative mesons stopped in carbon but not 
for those stopped in iron.) Considering the 
the energy of the disintegration electrons, we 
should take the mass difference as large as 
possible. Thus fc —fo7r20m (m denotes the 
electron mass) wil] be most probable. If this 
explanation is correct, Tie#, Li7, Be, B'! and 
A” will belong in the class of C'’. 
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The productes of the spontaneous disintegra- 
tion of a charged meson are, in the pair 
theory, a neutral meson, a neutrino and an 
electron or a positron. Assuming also the 
pseudovector interaction between the meson 
and the light particle, the life time of this 
meson decay was determined as a function of 
Me = Hee 

The probability of the f-transformation 
through the intermediate state of mesons de- 
pends on the cutt-off distance *) for the po- 
tential between the nucleon and the light 
particle. If we assume that this process is the 
only ong that causes the @-disintegration, and 
put fe —4y~20m, we must take 7)~one half 
the Compton wave length of the charged, me- 
son. By taking the value of 7 to be about 
three times larger, the probability of the - 
transformation becomes about one hundred 
times smaller. Thus we have another possi- 
bility of interpretation that the so-called al- 


_lowed transition is caused By the direct 


interactson between the wucleon and the light 
particle as in the Fermi’s original theory, and 
that the first forbidden transition takes place 
through the intermediate state of mesons. In 
this way we can explain s.mply the experi- 
mental’ facts that the first forbidden spectra 
of B-particles take also the allowed form. 

The detailed calculations and discussions 
will be given in the Jater issue of this jour 
nal, 

S. Noma. 
Institute of Theoretical Physics, 
Kyoto University. 
Aug. 25, 1947. 
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Remarks on the Ferromagnetism 
of the Semi-conductors 


. OQ: 
A possible explanation of the ferromagne- 


tism of the semi-conductors was proposed by 
S. Miyahara on the basis of Wilsons mode} 
of semi-conductors and of Slater’s theory of 
the ferromagnetism. We try to treat the 
same problem by the statistical methods 
starting from !feitler-London model. We 
assume that each atom has two energy levels, 
ground level and excited level, and that at 
absolute zero temperature ground levels are 
fully occupied each by two electrons with 
antiparallel spins, while excited levels are all 
unoccupied. In the suitable temperature range 
one or two electrons in-each ground level 
may be excited, and the remaining electrons 
of the singly excited. atoms contribute to the 
ferromagnetism while the excited electrons 
do not. 

Basing on this model, the statistical treat- 
ments are performed wholly analogous to 
the well-known two treatments for the order- 
and disorder-problem of ailoys, namely, 
Bragg-Williams’ theory and Bethe’s theory. 

1) In the treatment of Bragg-Williams’type, 
we assume the ordering force 7M/ which make 
the spins of the remaining electrons of the 
singly excited atoms parallel and which we 
suppose, as in Weiss’ theory of the ferroma- 
gnetism, to be proportional to the present 
magnetization JZ. From the simple considera- 
tion about the free energy of the system it 
can be shown that AZ is given by the root 
of following s multaneous equations similar to 
those of We ss’ theory : 


Seta Ye 2(e27—2-= 
EN © Peerage Eee 
where y= M/Mu and A=U/£7, and yu is the 
magnetic moment of an electron, V being 

the number of the total atonis. 

2) In the treatment of Bethe’s type, we 
consider the interaction of the atoms only 
between nearest neighbors and suppose that 
they are exchange type. 

Therefore, we put the potential energies 
between neighboring atoms as follows: 


Vi-=+/, Vy4=2V_-=—/ (/>0), 


PES ee es 4 
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where 7 means the potential energy between 
both singly excited atoms, one has a remain- 
ing electron with + spin, the other with 
-spin, and so forth. 

The potential energies of all other types 
of neighboring atoms are supposed to be 
zero. Following Bethe, we take up a typical 
atom which we shall call the central atom, 
and its Z-nearest neighbors which shall be 
called as the boundary atoms. We shall 
treat the interactions between them prec sely 
and the influence of the other exterior atoms 
on the boundary atoms are taken into account 
in average such as it causes a tendency which 
makes the singly excited boundary atom to 
take the spin of the remaining electron +. 
Then the relative probability for the circum- 
stance that the central atom is singly excited, 
the spin of the remaining electron being +, 
and that among the bonndary atoms / atoms 
are doubly excited, m atoms are singly ex- 
cited of which 7 atoms have the remaining 
electrons of + spin, is 


P+ bm mare F )Oe(7, )ae™ 
(7% ) cow)" Coun) (mm) 


where e=e-UI/kT, w=e-JIkT and ¢ is the 
factor which express the above denoted ten- 
dency due to the exterior atoms. 

The relative probability- for the circumstance 
that the central atom is singly excited and 
the remaining electron has + spin regardless 


of the: situation of the boundary atoms is, 


thus 


eo Z-t m 
P+)= >) = Dye m,n) 


l=o m=0 N=0 
= 2e(1-+ 2+ 2x (ewt+e“1o7!) JZ 
All the other probabil tics P(—), P(e), P(+)s 
the meaning of the notation being clear, are 
found easily in similar manner. 

Now, in equilibrium, Z(P(+)--P(—)] 
should be the difference of the average num- 
ber of singly excited boundary atoms with 
remaing+spin and those with —spin. Ilence 


we have 


Baa) (=) = (P(+)+P(—) 


+P(0)+P(+)) 
from which we can determine e. Finally 
A7/Np can be given by 

Wie Wag aS Ae) 

Ne P(+)+P(—-) +P) + P(4) 
The rela ion between J//Vy and the tem- 
perature in both fregtoents are plotted for 
Z2=12, Use ti Tate « The value of 


tee 
oe 


the eataat a is Signi by the relat on 
N7p2=ZJ. We hope that the reason of the 
discrepancy of the results of two treatments 
will be understood by the more elaborate 
consideration. ; 


It is our pleasure to express our thanks to 
Prof. M. Kobayasi for his constant encoura- 
gement. We are also indebted to Mr. FE. 
Kanai for many valuable discussions. 


T. YaMAmMotTo and S. TAKAGI. 
Institute of theoretical phys cs, 


Kyoto University. 
Oct. 25, 1947 


On the Theory of Air Shower 
initiated by Secondary 
Soft Rays. 

The theory of air showers has been initially 
developed on the assumption that they are 
large cascade showers in tiated by primary 
electaons. But the proton-primary hypothesis — 
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has made it more probable that the air 
showers are produced by the tertiary soft 
rays, such as bremsstrahlung and decay elec- 
trons of mesons, the latter being produced by 
the primary protons on colliding with air 
nuclei.) But unfortunately the probabilities 
of the known orocesses in which a meson 
produces soft rays are all far too small to 
account for the observed frequency of air 
showers. One must thus assume some un- 
known Soft-ray-producing processes of a meson 
to exist, or intyoduce a short-lived meson 
whose life is so short as of the order of 10-% 
sec.?) 

In view of this situation it is of some in- 
terest to examine the possibility of explaining 
the air showers as init ated by soft rays 
(photons) produced d rectly by the primary 
protons (or eventually by secondary high- 
erergy nucleons) when they collide with air 
nuclei and produce mesons. 

When a primary proton of ‘very high 
energy collides with an air nucleus it pro- 
duces mesons with comparatively large pro- 
bab lity. According to the theory of Ileitler 
and others), mesons of rather low energies 
are likely produced, the incident proton 
changing thereby into a neutron. Thus a 
large velocity change of charge takes place 
in this collision, so that a photon (or even- 
tually several photons) will be emitted. We 
can estimate the cross-section for this photon 
production by a simple consideration follow- 
ing Bloch and Nordsieck. We obtain thus 
a alp ie —2)\ 
i l—za k 
where gmeson means the cross-section of the 
meson production by the high energy incident 
proton whose velocity is wc and & is the 
energy of the emitted photon. 

Since « is almost unity for the protons 
responsible for the production of so hard 
photons which can initiate air showers, the 
logarithmic term can become so large as 15 
-~80 for such high-energy protons. The 
Cross section Omeson iS also found to be so 


6 photen@ =Jmeson ub 
187x 


large as of the order of 10-26 cm? so that 
our cross-section ¢gphoton is rather large. 

Assuming this ¢photon WE calculated the 
density-frequency relation of air showers and 
found that our eross-section is in fact large 
enough to be able to account for the observed 
frequency of air showers, if we may assume 
that gmeson is of the order of n(a/uc)®, 
being the meson mass. The intensity of the 
primary protons in the high-energy region 
was thereby assumed to be a simple extra- 
polation from the low-energy reg on. 

We also discussed the discrepancy of the 
observed dersity-frequency relations obtained 
by-experiments using G-M counters‘) on one 
hand and ionization chambers on the other). 
We concluded that this discrepancy shows 
the existence of heavily ionizing particles in 
air showers, which makes the results obtained 


- by ionization chambers less reliable, because 


these particles apparently increse the fre- 
quency of dense bursts in the latter experi- 
ment. We estimated the amount of these 
particles and found that the existence of at 
most one heavily ionizing particle per 15 
shower particles suffice to account for the 
discrepancy between these two kinds of ex- 
periments. Full account appears soon in Sc. 
Pap. I.P.C.R. 


S. TIAYAKAWA ane S. TOMONAGA. 
Physics Institute, Central 
Meteorlogical Observatory and 
Tokyo Bunrika Daigaku. 
Oct: 50, 1947 


Reference 


1) N. Hilbery: Phys. Rev., 60 (1941). 1. 
2) M. M. Mill and R, F. Christy: Phys. Rev., 
71 (1947), 275. 


3) W. Heitler and P. Walsh: Rev. Mod. Phys.. 


17 (1945). 252, : 

4) G. Coceoni, A. Loverdo and V. Tongiorgi: 
Phys. Rev., 70 (1946), 841 and 846. 

5) K. L. Kingshill and L.G. Lewis: Phys. Rév., 
69 (1946), 159. 


ware ere? 


163 
Progress of Theoretical Physics Vol. II, No. 4, Nov.~Dec., 1947, 
On the Mesic Self-Field around a Nucleon”. 
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Introduction. 


As for models of the elementary particle there are at present two 


viewpoints, according as one regards it as a point singularity or as having 


a. finite size. . , 

If one adopts the second model, the self-field which the particle produces 
around itself is as a matter of course regular everywhere outside the particle. 
And no effect caused by its interaction with the field confronts with the 
difficulty of divergence. This holds in the quantum theory also ; owing to 
the finite size of the particle, its field comes due to interference effect to 
contain no Fourier component belonging to arbitrary small wave-length. Thus 
the values of the interaction matrix-elements are cut down for momenta 
larger than a certain one determined by the particle radius, and thus one 
can get off from the difficulty of divergence.. This procedure is sometimes 
¢alled as the cut-off method. It was applied to the case of a nucleon 
interacting with meson field, classical as well as quantum theoretically, by 
many authors,” especially by Wentzel and by Tomonaga. However the 


cut-off momentum introduced is so to speak arbitrary in its magnitude, and 


if one take it large enough, the field energy becomes also much large in 
proportion. It influences decisively various effects and masks almost all 
effects coming from the well-established characters of the particle. Moreover 
in principle the inside of the particle, where the. field equations fail to hold, 
comes into question, and in order to preserve the particle in a finite size 


some’ forces or a new cohesive field must be introduced. For otherweise 


the structure distribution may not be specified in a relativistically consistent 
way, and just by this reason one feels a difficulty for a relativistic forniu- 
lation of the theory, both classical and quantum. 


SSS ee ee 


* Read at the Meeting of Sendai-Branch, the Physical Society of Japan, held on 1, March, 
1947. 
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In the first model, where the particle is assumed as a point singularity, 
the field and its energy or generally conservative quantities become this 
times infinitely large in the neighbourhood of the particle. To avoid this 
difficulty, there are at least apparently two alternative ways. One of them 
is such that one modifies the field equations so as to make the field regular 
also at the vicinity of the particle, and was attempted for electron by Borin 
and Infeld and Bopp. 

On the contrary, in the second alternative, one assumes that the field 
equations hold exactly up to the point of the particle, and modifies the 
definitions of the conservative quantities. Formally saying, the singular 
terms appeared therein are merely subtracted (the subtraction method); 
physically one may say that the point singularity contributes just the same 
singular terms with opposite signs, thus remaining conservative quantities 
finite and definite. Dirac and Pryce® showed for the case of electron 
interacting with electromagnetic field that in frame of the classical theory 
the above procedure can be in harmony with the conservation law and the 
relativity principle performed in a well-defined and self-consistent way. The 
field reaction on the electron was automatically introduced. Bhabha ap- 
plied this method to a nucleon interacting with neutral vector meson field, 
which much resembles electromagnetic field, and investigated especially the 
effect of the field reaction on the scattering of slow neutral mesons by a 


rest nucleon. Fierz® treated similar scattering problem ‘for charged longi- 
tudinal vector meson. 


As the subtraction methad allows us to bring the field reaction into 
the theory, it is of great interest to investigate mesic self-field around a 
nucleon ‘by this method. This is done in the following for the case of 
symmetric longitudinal vector meson, in frame of the classical theory. The 
classical equation of motion for the isotopic spi or the charged vector of 
a rest nucleon is deduced and the mesic self-field is- analysed. We also 
determine the field energy which is free from any singularity and discuss the 
problem of proton-isobars. 

The validity of thé above classical treatment will require that the 
coupling is so strong that the fleld fluctuation can be neglected. How- 
ever no crucial criterion for the validity is in hand, because the consequent 
quantym theory is not yet accomplished. As regards this point, however 
it comes into attention the quantum theory of meson scattering put forth 
by Heitler and by Wilson,” who have taken into account the effect of the 


war ne 
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field reaction in the first approximation of perturbation theory, subtracting 
therein also the infinite terms connected with the self-energy of the particles 
It is not evident whether or not their procedure can be made relativistically 
consistent. If however it were some approximation of the consequent 
quantum theory of the subtraction method, the fact that their scattering 
cross-section is in agreement with Fierz’s one seems to suggest that our 
classical calculation may be correct to some extent, even if not the coupling 
constant is so large. 


§1. Field equations and their solutions associated 
with a nucleon. 


The vector meson field is described by two complex conjugate four- 
potentials 


1 i ce 
O,=— Fe (UP FVD) (1) 


and U,* for the charged, and one real U{” for the neutral one. The field 
equations, with a nucleon as a source. are written as follows : 


Ah ( 1 1, an 
a ae 2 = 4 aA (7) Aviad Au 2 
rie +2XU9 =42 wee +75 ai, ) (2) 
rw 7) 
Age woes 


x stands for the reciprocal Compton wave-length of meson ; os g and 
a f are the mesic charge and the dipole moment of the nucleon, resp. 


The source functions, 7? and w{2, contain the operators ( which act on 
the nucleon state-functions involved. They form the isotopic spin of the 
nucleon, p, which has the same algebraic properties as the ordinary spin 
o=(c, 6,, 4,). In particular, the third component p; has eigenvalues +1, 
to which correspond proton and neutron states of the nucleon, respectively. 

In the following we deal with the classical theory. The isotopic spin 
p is therein considered as a classical unit vector in the charge, say, as well 


as the spin o in the ordinary space. 
Suppose that the nucleon be rest at the origin. Since we assume the 
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nucleon to be a point singularity, so its source density is conveniently re- 
presented by a three dinensional d—function, O(r). 
With these assumptions, the field equations (2) turn out, after some 


reductions, 


; 9 1 1 7 
(= = A+*% p? =4n( palit 4 7)a@) , (4a) 


2 J ih 1 1 5 
(4% Ate) a0ata( Geilo, roth pee er ead a 
(4b) 


The terms which involve the time derivatives, and ;,, in the right hands, 


do appear from the fact that the charge of the nucleon can not conserve 


by itself only, that is, Oty,/0%,=-0. For, the charged meson field also 


carries charge, and this implies the change of p: ard fy which in turn’ 
affects p, due to the following condition for the charge vector: 


pol. (5a) 


We note for future use the following relations, which are obtained from 
(5a) by successive differentiations with respect to time: 


oD, pp-ri'=0, po+3:=0, pat Ape+3z=0. bd) 


Similar relations hold also for the spin vector a. 

_ In the above equations (4), the notations similar to the electromagnetic 
case are employed for the four-potentials, in terms of these the field. strengths 
are written down as 


E°= ~—A0—grad g?, H=rot A®, (6) 


Sometimes there appear the field quantities denoted by 9, A, BH and H, 


“which are in accordance with (1) defined by . 


e= Seo" +79), etc. 


The field equations (2) or (4) can be solved by means of the Green- 
function, if @ and:o are known. In our case of the rest nucleon, the re- 
tarded solutions, only which suffice for later purpose, are given by 


ary 
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to 


o® LP pts er, Per ee 
i (x, t= ja (xs) 2 ea V/d, lit - Woe ae om ) ’ (Ta) 
A“ (#, j= — fenott 21, yin, r| 
So de 
1 24 ap, 
i ee Ly}, * 
S72 -S~-\de ) (7) 
where s=+V8—r® and s=—(ct—7t); 4=t/c is the retarded time defined 


by s’=r; J, is the Bessel-function of ae order, Integrations by parts 


yield the expressions which are convenient for small values of 7. In the 


following we confine ourselves only to the case of longitudinal meson field, 


i. e., f=0, then we have for xr <1 


VF 9% =— (ent Ay. \— ge —3¢ | dep, 2, 
r Xe az oe So 


ac 2 
(8a) 
ee fee ek oD pag ag st 
yr x - vy € at FF 2 a5 slit 
5s et rep ttre | deo At piso) se (8b) 


Here all the terms preceding the integrals are to be taken at the retarded’ 
time, though it approaches to the time 7 as y—>0, The same applies to 


the field strengths, which become by (6) and (8) 


eee ae ar La 
Oy gy i a wh ere RE og 
V2 a ol - = F nd en 5) Et 
4+ rig \ dz py, el a ; (8c) 
CHAN So 


while ®=-0, The expressions (8) are in turn correct to orders oliy*) 7 


and y. Of course the integral terms are all regular for r=0. 
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§2. Conservative quantities and equation of motion 
for the charge vector. 


Now the current density and the Poynting vector of the meson field 


are, as is well known, given by 


1¢ 


= (E*y—[H*, A]—compl. conj-), (9a) 
4thc 

s—— VLE, H\+x%9° A”). (9b) 
a 


They are conservative so far as only the meson field is concerned. In the 
other words, they satisfy anywhere, except for the source point, the follow- 


ing continuity equations : 
p+divj=0, H+divS=0, (10) 


p and A being the charge and the energy density of the meson field, resp. 
We now proceed to find the equation of motion for the charge vector. 
To do this, we calculate the charge and the energy carried out by the 


meson ficld through the surface of a small sphere with the nucleon as the 


center. These flux ‘per unit time prove, using (8) and (9) and taking into 
account (0, 


«3 , ¢ ” 7 i! 1 F Ew 2 
| é0jp=- 4S 2 (—[p, pht+—le, ph) +e lp, Rh, 
2h. ats Cc J hic 


(11a) 


2 ; | 1 T 14-3 ] ze, 2 
r°ad2 S,= —-— Pens 2 eu Mal apt Se 
\ U @) Cc x dt Dp _ 3¢ pe ) - (p, EE) ’ (11b) 


where 


pmsl ate oo Sex{t—2’)) 
R——— ae ee =| a 7’ 2 , 
ce, p STs pt+ J. p(t’) Gore a (12) 


In the above, such terms which vanish as the radius of the sphere tends 
to. zero are already omitted. 


In order to guarantee the conservation laws for the total system, the 
nucleon plus meson field, the above flux must be both “ perfect differential,” 


me lw 
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or equal to the decrentents of the conservative quantities contained inside 
the sphere. In particular, the infinite terms are themselves of forms of 
“perfect differential,’ and therefore allow us to ‘ subtract” them by put- 
ting as 


1+ p, es ae | ‘Ge ni 
2 itatpel eats ole (il ippupyep Aiprppye G8 
: SoHaee ~ Le, els le: P) (13a) 
1 2 1 F 1 Ay 
Roki sees eee iE 13b 
Oe xe ex p 3c pp oe 


where &’ means the rest energy of the nucleon: -£’=M. 

The subtraction procedure means physically that the infinite’ term of 
the energy of the particle, for example, cancels out just the corresponding 
one inherent in the energy of the field. In this way we have a finite value 
not only for the energy of the total system, but also for the field energy. 
Now, in order to obtain the latter, we must determine the quantity to be 
subtracted from the usually defined field energy. This can easily done, after 
Pryce, |. c., by the requirement : 


H'=lim {{ dv H— [rag K} } (14) 


r=0 
r 


where H is the usual energy density of meson field: 


Ha SY {EO + LO +e (9 + A} oe 


82 4 


The time derivative of K, appeared already in the expression (13b). By 
calculations similar to for (11), it proves 


yah Loker + hp) 
= Sa 1 for small yr. 16) 
us 16z = r' ( Post r’) ( 


Here the terms involving logxr and 7° are omitted, because they occur in 


forms multiplied by pe and pp, resp., both being identically zero for the 


cases to be considered in below. 
Returning to (13), we obtain, when combined with (11), 


p= 24 lp, Ke) (17a) 
NC 
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4 =0=£ ~(p, RB). (18) 


They give the equation of motion for the third component of the charge 
vector under a constraint. 

‘There lack yet the equations for the other components ; to obtain them, 
we combine the condition (18) with the first of (5a). For instance, we 
eliminate p, and get 


piLP, R);=palp, f),, 


which gives in view of (17a) 
x? ? 


Similarly for p, | They, together with (17a), canbe. conveniently written 
in a.form. of vector equation: 


p= 2p, BI. (19) 
fic : 


This is our fundamental equation for the charge vector of the nucleon. In 


some cases it is rather convenient to deal with p=4(™ +%p,), which ‘obeys 
pains —(pRs= ps R) with. R=5(R+iR,) (17%) 
as is immediately seen. from (19). 


§ 3. Mesic ‘self-field around a nucleon. 


For ‘each stationary motion of the charge vector, which fulfils (18) and. 


(19), there exists: a possible stationary meson field associated with the: nu- 
cleon. ‘Tt is necessatily bound only near the nucleon and from ‘it far away 
fades out. The motion of the charge. vector corresponding to such a -self- 
field is expected ‘to bé in’ a state of:motion with a. circular. “frequency w 
which is absolutely smaller than cx. 

First we consjder the ground state with w=O'or constant p. It is in 
fact a possible solution of (18) and (19), for we have then for (12) 


Pere ay SF. Pal Ye 


‘Hence the charge of the total system is merely 
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R= pex|ds fe) =H (20) 


The self-field around the nucleon is given by (7) and becomes, noting 
cl— ="; 


; 1 EI AG) jets GL 
3) 2) =— x\ ds) = fat oie xr. AM =0 P 
¢ ( ) Wee ) (S427) V2, Sf 5 é . 


(21) 


This corresponds to the static Coulomb-field ot a electron and may be 


called as thé; ground mesic, field. .Owing to vanishing of vector potential, 


this- field carries no chatge and thus_is composed of neutral mesons only. 


1+ 6s exes (1+cosl) 


where @ denotes the polar angle of p in the charge space. 

_. Now, in the quantum theory, eigenvalues of g; are only +1, and there- 
fore the total charge Q becomes I-e or O-e, This shows that: proton and 
neutron states with static meson field can exist, even if the effect of quanti- 
sation is taken into account. It is.in marked contrast with charged theory 
where only charged mesons are assumed. In the latter theory, we are to 
put R;=0, as is infered from (9a) and (11a), and therefore the equation 


' (17%c) can be satisfied only if.o;=0. Thus we have Q=e/2; but. quantisa- 


tion does never allow this to occur, 
Next we proceed to study the exicited state. If the nucleon is to 


‘possess the constant charge, the charge vector ought to undergo a pure 


precessional motion about the third axis in the charge space. © Thus the 


proper solution of (19) or (t7 a,c) under the constraint (18) is expected 
to be 


ps=cos9, p=—-sind em (0<|w|<ex). (22) 
To see this, we calculate R defined by (12), assuming (22), and obtain 


Ry ao0s . R=-5-er[1 é 2) J: 2 (23) 


“We note that the integral occured in’ R becomes for 0<)o|Sex 
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jae Sy (cxft—e! }) — pf de LD wie 
J (¢—2’Y s 


mame f1-(2)) I) -= ah 


Thus the equation (17a) is satisfied identically, while the equation (17c) 
requires the following condition : 


ree od bel =) e4 


This is the characteristic equation for w, when @ is given. 
The equation (24) has no solution with |w|<es, unless 


azz £|cos 622-3" {24 V3 =0,9785 (25) 
Cc 


for any assigned value of 9. For the critical value of a, there exists just 


73 
one solution, |w|= [~pe; from that value of a, two possible |w| appear, 
P ppe 


and split each other more and more until @ approaches to 1. When a 
still more increases beyond 1, only the smaller one remains to exists and 
shifts unlimitedly to smaller values. (Cf. Fig. 1.) Thus for sufficiently strong 
coupling, the charge vector is almost rigidly fixed in the charge space, 
unless @ is equal or nearly equal to 7/2. But the latter case can never 
occur, if the effect of quantisation is considered, because the charge vector 
is then exactly quantised in direction, as is shown in below, no matter 
magnitude of the coupling constant may be. 


‘as ye ee 
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On the other hand, in the case of weak coupling: g?/fc <1, no excited 
self-field can exist in the classical theory, so that the quantum fluctuation 
of field will play an important role. 

So far we have only concerned with the case of symmetric theory. In 
the case of charged theory, we have to put R;=0, as is mentioned above, 
and arrive at in place of (24) 


oS —cos0{ — BES ES he (24') 


in agreement with that given by Fierz, |. c. In marked contrast to the 
case of symmetric theory, this has always one solution (of course, except 
for @~ 7/2) for any value of coupling constant ; it, so to speak, compensates 


-to some extent the non-existence of the ground self-field. 


The charged self-field for |w|<cx proves, inserting (22) into (7) and 
(6), 


patter oer o 
n(t-(Z) ra, 

eee ee oP —grady =s0—-*_{|——+ ic fae i-(2)}e oes 
1l—(w/cxP cx? cx 


=e px {=-+ e (43) erly, n=0 


(26) 


_ whereas the neutral self-field is the same as for the ground state. Thus 


the former reaches more far away than the iatter, or has a longer range 
: ; 2 
by the factor ,/1— <a) 


cx 


§4. Charge veetor and. energy of the excited self-field. 


The polar angle of the charge vector, 9, is determined if we fix the 
total charge Q. We now define the charge vector of the excited meson 
field, L, so that the charge vector of the total syetem becomes J=L+4p. 


Its third component stands with the total charge in the relation : 
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Q=L+e—(1 + Ps) « (27) 


Froin the conservation of UY, we get then Q=0=L;+40;, or in virtue of 


(17a) 
cheat ghee (28a) 
hic 


which leads to, by generalisation, 


F 2 ; 
L=<_le, R}. (28b) 


As the consequence of the equation of motion for: p, J, and /, also turn 
out to be constants of motion. 
The equation (28b) can be easily integrated for our. case as follows : 


Since J=0, L points always towards the direction opposite to p. Hence 


I, together with p, undergocs a precession about the third axis in the 
charge space with fhe angular velocity w=we; Moreover it: is observed 
that 6 and Z are both constant relative to the rotating system: ¢, p, [p, pl, 
and that LZ is proportional to [p, p], not: only its direction but also in its 
time. dependence.. Thus. we cah put L=C€le,. pl. _ The ‘constant ¢ is de- 
termined by the condition: . 


Re ~ x 2 . 
L=Clp, p]=4—[e, BI (29) 


and we obtain, refering to (24), 


Tog eg 2_ 3/2 
re reaets S[ l(a -)] | — [p, pl= srs ——[e, el, 
(30a) 


or in components 
1% g S25. 3/9) 
L,=— 2sin’d - mak 1 Ey es —) 
tee Be sit Ca ] i 


L eetitgm LE si costo ate —[i- (2 =) = 
: CX 
(30b) 


a 


‘ar ee nad 
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This result. can also be deduced, thing the equation (28b) in the above 
mentioned rotating system and noting that‘ p=[o, p], L=[w, r}. 
In.this way the charge vector of the excited self-field has been found. 


Now if the total charge is giyen to be (#+3)e, then we have by means 


of (27).and (29a) 


' 1 1 sin?8 
=L,+— p= — cos 6 sO= 
m=TL, 5 Pr 2 cost + : cos@ or cosé a 


In> the quantum theory, m must be quantised as half-odd-integer, positive 


or negative. If we introduce this charge quantum number into our classical 


theory in a sense_of correspondence principle, we may say that there occurs 


- exact ‘direction quantisation of the charge vector in the charge space, inde- 


pendently of strength of coupling. If however the coupling. constant g*/hc 
js considerably small as compared with 1, as experimental evidence shows, 


‘then ‘no excited state exists even for the most. favorable cases: m=+4 
‘(first excited protoit and neutron states), as mentioned already, though it 
_ seetns yet questionable whether our. classical theory still valid in the cases 
, of. such: weak. coupling. 


On the centrary, if coupling is strong so that g” * he > 1,-»we tavethen 


the excited States even for |m|>4. In oder to: -get the change of the self-. 


energy of the nucleon in such a state due. to’ mesic self-field, we calculate 
thé energy of the meson field, ’, given by (14), (13) and (16) making 


use of (26). The result is 


#’ =e sefeosts[149(2 J] ays ay ec Y sin? sh (32a) 


-which. is alternatively written as, consulting (24a), 


Hla = 1 gt 29 — hate site 
Blane gtx{l -/1-(4) oY} sintd 2 “cose 
(32b) 


The first term is the contribution: from the neutral meson field and is the 
same as in.the ground state. The charged meson field gives thus rise to 


the remaining two terms, of which the latter can be also deduced as follows : 


The ‘total energy W. must of course conserve: W=£' +H'=0, and there- 


fore we obtain from (18) 
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H'=-£(, R). (33) 


On the other hand, since E rotates with the angular velocity @ rigidly in 
the charge space, a contribution to the field energy is expected to amount 
to C-}3(L, «), in analogy with the kinetic energy of a rotating rigid body. 
Remembering (29) and the relation p=[o, p], comparison of the time rate 
of its change with (33) determines at once the constant C and yields 

=—2f, thus giving —4(Z, w). This is nothing but the third term of 
(32b), only if we refer to (30a) and (24a). It is always negative in virtue 
of (24a), and is interpreted as a part of the interaction energy of the nucleon 
with the excited charged self-field. The last remaining second term of (32b) 
contains then in itself the proper energy of the charged field. 


§ 5. Proton-isobars. 


With the energy of the mesic self-field thus obtained, we now discuss 
whether proton-isobar can stably exist or not. Its excess mass over proton 
or neutron, i. e., the ground state of the nucleon, is from (81) and (32b), 


4,.=p— 


it 4m’?—1 { 3 eS V1 — x? 
Ath {3 il, em lont/on), 
2 2\m| Ae a, eee (+=[e,,{/cz) 


(34) 
where p is the meson mass. 

The first excited states: m==-4 have therefore the same mass as for 
normal proton and neutron (4W,,,.=0). In general it is observed that if 
we put m=+(2x+1)/2, where ~=0, 1, 2,..., proton-isobar with charge 
+(+1)eé has necessarily the same mass as one with —#e. Now, in order 
that such a proton-isobar exist, stably against the emission of ‘a free meson, 
the following condition must be to hold: 


—Vl—7x? 2 
dWoen or 3 Satis {== - $41. 35 
‘ Ont Le Ai hee ©) 
The function in the bracket is a monotone increasing function of + and has 
a zero paint at += ot . (Cf. Fig. 1.) Its maximum value attained at 


4=1 amounts to 1/3 and therefore the condition (385) reduces to 
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ntl) 4 or nH 1+ 75 
Oiitslcan’ oe a eee” 


‘Thus besides the first excited states (v=0), only protons with singly nega- 
tive and doubly positive charges are allowed to exist. As was already sate 
the existence of them claims the coupling constant to be g?/Ac == 3-0,9785, 
On the other hand, since these isobars must not, as a matter ae ones be 
lighter than the normal proton and neutron, or 4/V4,.220, it must be 


V3 : 
cr ne and this affords another condition for g°/%c. It comes out the 


same condition as the given in above, for, as is stated in §3, r= a) v3 
: 2 


corresponds to the critical frequency for g?/he=3.-0,9785, from which the 
equation (24a) just begins to have solution. Thus, from the above value of 
coupling consistant on to 3, there exist certainly one solution, which fulfils 
the requirement. But there also appears another possible one, which © 
remains to exist even for larger values of coupling constant and there- 
fore leads to isobar-catastrophe, say, in a sense that isobars with higher 
charges make themselves more and more stable. Even for g?/#c=3-0,9785, 
all isobars have the same mass as the normal proton. However the ex- 
perimental evidence shows that g?/f#c~0.1 and thus the catastrophe does 
not occur, and negative proton might probably not exist. 

Finally we briefly mention as regards the so-called cut-off method. 
In his theory, Tomonaga, I. c., obtained a characteristic equation for w, in 
which an integral containing the cut-off factor F(#) appeared. If we evaluate 
this integral and neglect the quantities of higher orders, we arrive at 


2 = £° cos6{- 2 #yK41-p1-(£)] | 
Cz ue [SOS | x cx 

where K is the cut-off momentum devided by fic. The introduction of the 
cut-off factor is equivalent to giving the nucleon a finite radius of order K sh 
at least in a non-relativistic approximation of the theory. In fact, if we do 
so, thus making the singular terms in the expressions of the flux from the . 
surface of the nucleon so’ as to remain finite, then R given by (12) gains 
0. (The another additive term which is already 


an additive term: —— >—, 
2cx" 


finite vanishes itself for our case considered here. 


(22), this turns out to be — aa *. , which is just the first term in the 


) For our excited state 
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bracket in the above equation. (The similar correspondence is evidently 
observed also for the charge vector of the meson field, /;.) Now, if we 
take K large compared with x, as is usually assumed, the above inertia 
term does mostly predominate aud makes the other terms almost impotent. 
Thus the. precessional motion of the charge vector becomes always slow ; 
proton-isobars also have small exess .masses and fall each other very densely 


in mass scale. 


In conclusion, I express my gratitude to Mr. S. Ozaki for his kind 
discussions. The research was aided by the Scientific Research Expenditure 
of the Department: of Education. 
. Physical Institute, 

Tohoku University. 
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On the Electromagnetic Properties of Nucleons, III.* 


By Eizo Kanai and Minoru Korayast 


(Received May 5, 1947) 


§I. Introduction. 


In the previous two papers,” we have discussed the electromagnetic 
properties of nucleons from the different standpoints. In the first paper, we. 
have investigated these propérties by calculating the probabilities of transi 
tions, which are caused by the radiation fields, between two spin states of 
nucleons, and obtained the finite results whjch should be interpreted as the 
virtual electric moments of nucleons. In the next paper, we have directly 
calculated the additive energy of the nucleon placed in the homogeneous 
magnetic field by taking recourse to the subtraction prescription’ which’ is 
analogous to the theory of positrons. By this calculation also, we have 
not obtained the so-called anomalous magnetic. moments of nucleons, but 


their finite magnetic polarizabilities. 


However, that the nucleons have the anomalous magnetic moments 
is the experimentally well established fact. We shalj, therefore, closely 
investigate this problem once more in this paper by calculating the transi~ 
tion probabilities of another process which are directly examined by the 
experimental method. It must: be remembered here, that there are two 
distinct methods of measuring the magnetic moments of elementary particles, 
one of which was used by Stern and Gerlach, and the other is that of Rabi 
and his coworkers. By the later method one measures the energy difference: 
of two spin states of particles ‘placed in the homogeneaus magnetic field. 
In order to interprete the result thus obtained we ‘must estimate the energy 
difference of two staitionary states. But, as was shown by many authors, 
these calcutations lead to the diverging results in the present formalism of 
the quantum field theory, and it is necessary to introduce some new pro- 


Ju. eee ee 
* .The contents of this paper were, read at the symposium of the Physico-mathematical 
society of Japan held at Kyoto University, .on March .2, 1946. 
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cedures ad hoc to avoid this divergence as was tried in [I. Neverthcless, 
the result obtained in this way seems to be very ambiguous, because of 
the unsatisfactory nature of the present theory especially in the computation 
of the energy values of the stationary states. 

On the contrary, the former experimental method .which measures the 
deviation of the path of the elementary particle in the inhomogeneous 
magnetic fields is free from ambiguity in its theoretical interpretation. In 
fact, the quantum electrodynamics has succeeded in the various transitional 
problems so long as we are concerned in the first non-vanishing approxima- 
tions. This circumstance suggests us what is the useful portion of the 
present formalism of the field theory. 

‘Hence, we perform a “ Gedankenexpermmenz”’ here. For simplicity, 


aes 
let us suppose a neutron with momentum /, and energy £,(> 0) set in 


— 
the inhomogeneous magnetic fieid H. As the neutron has no charge nor 
Dirac’s magnetic moment, the transition from this initial state to the state 


of momentum P, and energy £,(>0), if possible, must entirely due to its 
additional electromagnetic properties. 

Next, we try the theoretical explanation of above experiment. As the 
mechanism of the deviation of the neutron path is to be determined by the 
virtual dissociation of the neutron state into the state where a proton and 
mesons exist, we have only to consider the interaction between the nucleon 
plus meson field. and the external electromagnetic field. Here, we take 
the following assumptions for simplisity. 

(1) the Schrédinger approximation with spin for the neutron, 

(2) the pseudo-scalar formalism for the meson field. 
(1) is justified, for the speed of the neutron is very slow in the thermal 
region. Further, if we adopt the relativistic equation for the neutron, we 
must use the positron theory in the same time, but it is attended with 
danger of introducing another difficulty. Moreover, in Stern-Gerlach’s ex- 
periment the meaning of the spin is more clear in the form of Pauli’s spin 
than in Dirac’s form. The assumption (2) is used because of our expecta- 
tion of the spin-dependent magnetic moment. ; 

In the following calculations, we must content ourselves with the first 
non-vanishing result by the reason above discussed. Further, in this paper, 
we shall perform the analogous consideration for the nucleon set in the in- 
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homogeneous electric field and deduce the electrical properties of the 
nucleon as well. 


§1. Calculations of the materix-clements. 


The system composed of a nucleon, meson field and clectromagnetic 
field is described by the following Hamiltonian ; 


H=THI"+ HH" +H + AXE 4 HME 4 AME + const. 


where 


eels pi 


Vib Tp)adt 


~ Om 
HY | (Amt + 9 iat 
An 4rx* 


H8" = —£ (Ota Jp" + Oa) =H! 


HN |£ (4.P) + aie Ay} =H" 

eetinlge 1p e)) Qanc (2: Zia i 

pita J 2 Ay Mp) + (A VI- ATI") 
7 Arx*he 


e be “yg =/]* 
+ 7p (tdt=H 


: > 
a Oo- Ati— O*o- Aj*) =H", 
(i 


—> 
and ¢ and JT are canonical variables of the meson field, ¢, O and O* are the 
usual spin and isotopic spin operators of the nucleon and tp is the charge 
operator whose eigenvalue is 1 for the proton state and 0 for the neutron 


state. Ay and ve are the scalar and vector potentials of the electromagnetic 

field respectively. and p=h/cx ave the masses of the nucleon and the 

meson respectively. g and ¢ are the coupling parameters as seen above. 
Now we consider as the wave function for the state where the neutron 


—> 
has the momentum /, and energy E,, associated by the proper meson field, 


H4 Pp Lae oie 
Be ( a Io See Si ea 
P(g) = +d fate Q,+( 33 (Z,—E,,) (Ei- Fh) 
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where %, is the neutron state having no meson field around it, while @, 
is the nucleon state with some mesons virtually emitted, which are both 
the eigenstates of H+ H™.. In the same way, we find tt the wave function for 


the final state where the neutron has the momentum B. and energy &, as 


H!,Hs 
ae "7 nan* 4 on 
?.,(¢)= P,+> ae q+ aoe E.)(E; ri 


a lb 0,)-+ (4). 


So the transitional matrix element becomes as follows ; 
(9,(¢)/H° +H? + H%/9,(g)) 


which contains the terms proportional to even powers of g such as g”, g* 
etc. Applying the prescription that we should leave only the first non- 
vanishing approximation in the perturbation method, we have 


Hy= 3) GEER + yee (a) 


n —fi, 


foe yeeateh Nelsen ks fu lT on et HiH,,H2 
+ nm 4 omni +. = mn! +nt id m+ fam? 4 ong 
DE ELE) 2" GE ELE) 2 GE EAE) 
; (b) 
iepal’ Hf, fete te ( ) 
hee GEOR TLRS. Te : 
(i) Case of the inhomogeneous magnetic field : 


=> — — 
fi= sot 4, div A=0, A,=0. 


In this case we obtain 
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where we put BE Mi Pe EAk, =v Ete, V= ae 
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and used the ap- 


proximation as ae + pe pc? which is justified by the assumption (1) of § 1. 


2m 


Further y(P) is the function of the neutron belonging to the momentum P. 
As is easily seen, Hy; has two kinds of terms, one of which is depen- 
dent upon the spin of the neutron while the other is not. We shall in- 


vestigate each term separately. 
(1) spin-dependent term : 


—> > — —> > 
Hy= —\p* Pe) 9 (Pax 
where 
Age git “e)| al nk (hy tne oh" 
3n\ pe Ao(hot yh)? Ra(ho th )° AC Le 
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(2) spin-independent term : 


Hy= —\o"(P){ PA o(P)ae 


where 
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Immediately, (1) and (2) enable us to interpret the meaning of Me ot 


_ > 


sy Namely, we can interpret Mo as the anomalous magnetic moment 
te 

& s eee 
of the neutron and —— P as its additional current. 

“We 


(ii) Case of the inhomogeneous electric field. 


— —s 
E=— grad Aj, A=0. 


From the analogous computation as the above one, we obtain. 
(1) spin-dependent term : 


; _— o> a ao 
HH, — |p" (PB) (We -E) 9 (P) dz 
where 


v=0, 
(2) spin-independent term: 
—_ —> -— 
H,.=\9*(B) (CA) 9 (Pde 


where 


e=0, 
So it can be said that the neutron has no additional charge and electric 
moment. 
§ ili. Determination of the coupling constant. 


From the previous calculation, we find for the neutron to have the 
following anomalous magnetic moment | 


ees Met a ae “#.) 
Bn ee B(kotyk)? ~ 32 pe 


. . . ag 
or, measuring in the unit of nuclear magneton pp, 


Wars ~=(4 £\(4 hd 
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By the comparison with the experimental data, for example, given by Bloch 
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> > 
and Alvarez™whose results show that Mo=—1.94, we can determine the 
coupling constant g or the mesonic mass p#. 

First we shall take #z=10p, then we get 

= ~ay or gwl18e 

This: value of g is considerably small when compared with the previous 
value required by the nuclear potential. But, we must remember that the 
nuclear potential has to be complemented by the cut-off procedure, while 
our conclusion is free from such a procedure. 

Next, we shall take g=e for the simplicity of the coupling scheme, 
and get 


1 


presen a == 100m, 


where , is the mass of the electron. We cannot exclude this value of # 
from other data in the present stage of the nuclear physics. At any 
rate, the small value of g— which is consistent with the idea of the weal 
coupling (perturbational treatment) — is the characteristic feature of the 
present calculation. 

Finally, we shall discuss about the additional current ae briefly. 


Though ¢ is not the charge, it has the dimension of the charge. So we 


can-speak of ¢ in the place of “a8 and compare it to the elementary 
charge ¢, i. €. 
2 as | att eo 4 

(fot+nk)*? ° 3a fic\ p 
Putting fa we , m=10p, we obtain 

erv0.09¢. 

Therefore we cannot expect the remarkable effect of ¢ for the thermal flow 
of the neutron beam within the magnetic field, that is consistent ES real 
experiments. If we had assumed the alternative values g=e and p= 57 we 


would obtan esse, which would not also show the appreciable effect in the 
slow neutron experiments. 
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In conclusion, we should like to express our deep gratitude to Mr. S. 
Kokaji and Mr. S. Takagi for their kind help with this calculation. 


Department of Physics, Kyoto University. 
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Conflict between Matter and Field.* 


—An Analysis of the Difficulties of the Theory of Elementary Particles— 
Mituo TAKETANI. 
(Received April 12, 1947) 


The present status of theoretical physics is confronted with difficulties 
of extremely ambiguous nature. These difficuities can be giossed over in 
various ways, but no one believes that a definite solution has been attained. 
The reason for this is that on one hand present theoretical physics itself 
has logical difficulties, while on the other, there is na decisive experiment 
whereby to determine the theory uniquely. In other words, the present 
difficulties, manifest themselves in that the theory itself involves certain 
diverging results, as well as deviating a little from corresponding experi- 
ments; and they are as yet not adequately sotted out. But it is generally 
accepted that these difficulties cannot be overcome by anything in the way 
of a trivial modification. In short, the state of affairs is just like that on 
the eve of the advent of quantum mechanics. For in that case too, the 
discrepancies with experiment were, quantitatively speaking not so great. 
But unlike those on the eve of quantum mechanics, the present difficulties 
are not yet sorted out into a radical form such as the incompatibility and 
inconsistency between fundamental concepts, so that there seems to be some 
uncertainty as to the point at which to commence attack of the problem. 
We must set these in order, run them down into an inconsistency between 
basic concepts, and ascertain the shape of the inconsistency, thus paving 
the way to a new theory. Recent developments (up to the early stages of 
the Pacific War) have furnished much material for this purpose. The present 
inconsistencies and difficulties are believed to touch the internal structure 


* This is a synopsis of what I made public at the “ Nuclear Physics Colloquium ” in May 
1943, and also what was discussed with Prof. S. Sakata and others at the Physical Department 
of the Nagoya University in November 1945. Although it is by no means perfect yet, I have 
decided to publish it, hoping it might furnish some information or other, and also that it might 
lead to another series of discussions. A concrete analysis, forming the latter half in the MS, has 
been omitted, be ingreserved for another opportunity. I extend my sincere thanks to Prof, 
‘Tomonaga and his coworkers as well as to Prof. Sakata and others for having discussed the matter 


ever with me, and also to Mr. M. Tatsuoka who has helped to prepare present paper in this form, 
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of elementary particles themselves. I believe that the clue to an analysis 
at this juncture is provided by identifying this fundamental inconsistency 
between concepts with the conflict between matter and field.* The two 
fundamental concepts of matter and field are those most essentially standing 
against each other at present, embodying the most essential probiem of 
contemporary theory—just as the two incompatible concepts of wave and 
particle gave birth to quantum mechanics. Much beating about the bush 
having been made in connection with this problem. Now it becomes the 
central problem and its definite solution is an urgent matter of the day. 

It is a well-known fact that, in the formulation of electron theory, the 
energy of the fieid becomes infinitely large unless the electron in classical 
theory is taken to possess a finite radius, sc Lorentz considered a model 
in which the charge was distributed over a small sphere. As a result, 
. however, forces interact between each -charge density, so in order that the 
electron be kept rigid notwithstanding, a sort of cohesive force must be 
introduced. This is no longer an electro-magnetic force.” Therefore, the 
necessity arises of considering a point model of the electron. Later on; in 
quantum mechanics ‘the superposition of material waves was considered in 
order to denote the existence in space of an electron, in which case no 
“size”? could be attributed to it. So here again was a point-model required. 
In a point electron, firstly, Lorentz’s equation of motion cannot be applied 
at the place where the charge exists, as the field strength becomes infinitely 
large there. Secondly, as mentioned above, we obtain an infinitely large 
electro-magnetic energy at the point of charge. 

These difficulties are not confined to classical theory alone, but in 
quantum theory too, in quantum electro-dynaniics, they are present in the 
fact that a point electron possesses an infinitely large interaction with it- 
self. The above difficulties in classical electron theory and quantum eléctro- 
dynamics were, however, rather merely theoretical, and had the character 
of an “academic problem” as it were. For these difficulties offer no 


* This is, of course, a conjecture which is to be tested in the process of. actual analysis by 


its success or failure, and gradually the correct key will be found. 
This much is, however, certain: that this suffices to summarize the many attempts of various 
physicists up to now, to clarify their results, and to furnish some clue to future analysis. 
** Matter, here is no philosophical concept. That is, it does not imply materialism, but is 
a common term among pliysicists, meaning particles which act as sources of- ficlds, for example 
electrons, protons, neutrons, charged mesons and sv on. 


ee a ae eee ee” 


Conflict between Matter and Field. 189 


hindrance in explaining theoretically all the experimental facts we obtain 
concerning an electron, and they had significance only as a problem in 
themselves, independent of experimental facts. The only experimental fact 
in this connection is the mass zz of an electron. 

But there have been much meandering concerning this question. That 
is to say, until mesons were discovered within cosmic-rays, the large penct- 
rating power of the latter believed the fact that, according to Dirac’s 
relativistic equation for an electron, the energy loss should be great when 
high-energy electrons penetrate through matter. Also, the experimental 
fact that there was a phenomenon in cosmic-rays called shower, in which 
many particles are produced explosively, it seemed, in a single process.* 
could not be explained. Therefore, these difficulties came to be ascribed 
to the same cause as the above-mentioned difficulties in electron theory and 
quantum electro-dynamics. To these were further associated the diffrculty 
of the nuclear electron, which was considered in relation with P-decay. 
However, when the meson was discovered and the large penetrating power 
of cosmic-rays attributed to it. and the theory of cascade shower was 
established at about the same time (1937) doing away with the necessity 
of considering showers as single processes explosively producing many 
negative and positive electrons, thus making Dirac’s cquation acceptable 
even for extremely high energies, once more did the. fundamental difficulty 
of electron theory arid quantum electrodynamics come to lose its realistic 
foothold. 

But as meson theory made further progress, the quantum electro- 
dynamical difficulty made its second appearancc—in a new light: the field 
theory was developed in a manner similar to clectron theory, and, evidently 
in. compliance with the correspondence principle, the meson field was 
quantized in the same way as in quantum electrodynamics, Thus, it was 
natural that the same difficulty presented itself here as in the quantum 
electrodynamical case. 

In this case, however, the difficulty turned out to be more realistic 
and abundant in experimental evidence—as I frequently ‘emphasized at the 
time we** were performing the quantization of the meson field (1937-8). 
One of the experimental evidences is the anomalous magnetic moment of 


ee ee 
* Jt was later ascertained experimentally that this is not a single process. 


** Drs. Yukawa, Sakata and I. 
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heavy particles (protons and neutrons), which is obtained, in accordance 
with perturbation theory, by assuming intermediate states and considering 
mesons to dissociate around heavy particles and interact with the magnetic 
fi:cld. This involves a caiculation similar to that for self-energies, so that 
the result diverged just as the self-energies did. Thus, unlike in the case 
of the electron, the difficulty in the case of mesons had a close connection 
with experimental fact. It was for this reason that I stated in those days Bo 
“This time for certain, it will be impossible to develop meson theory leaving 
this difficulty as it is”. 

To cope with this difficulty, the method of “ cut-off’, in which the 
momentum integration of the intermediate state is cut off at a certain value 
in order to prevent its diverging, has been employed (It is the same as 
inserting a suitable converging factor). 

Later on as the meson theory made further development, it was found 
that when vector and pseudoscalar mesons were scattered by heavy particles, 
and also when charged vector mesons interacted with an electromagnetic 
field, the scattering cross-seetion became larger as the energy increased, 
which contradicts experiment. Further, while the interaction due to the 
Coulomb field about an electron is -—= (where ¢ is the charge and r the 

)--% 


, ; é 
distance), an interaction term —g- 


‘> 


(where g is the constant of interac- 
MC 


tion between a meson anda heavy particle, and x= [72,2 meson mass, 


c: light velocity, #: planck’s constant +-27]) presents itself in the meson 
field surrounding a heavy particle, and such a singularity brings about a 
difficulty in the solution of the equation of motion. Hence the method of 
“ cut-off’, in which the interaction is cut off for momentam above a certain 
value, becomes necessary in various cases. And since momentum implics 
wave length, the cutting off at a certain momentum value involves the neces- 


sity of introducing some sort of an universal length, as Heisenberg em- 
phasize 


Later. the problem developed in a rather different direction, and assumed 
a. More concrete form. In the case of strong interactions like that of the 
raeson field, it is natural that the applicability of perturbation theory be 
doubted ; and even if perturbation theory can be used, it is naturally to be 
expected that a damping term must be introduced, as in the case of deducing 
a dispersion formula. And T have thought that some sort of a dispersion 
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formula would be given by the correct theory. A similar line of thought 
was taken by Landau. 

In this way, various trials were made to depart from the perturbation 
method of radiation fields. For instance, a classical solution of the equations 
was carried out, and it was made clear that certain important parts of the 
difficulty had their origin in an inappropriate use of perturbation theory. 

This was performed by Heisenberg, Bhabha,@ Wentzel,©@ and Tomo- 
naga.” 

Also it was shown by Heither® and Wilson“ that the divergence 
could be removed in the case of high energy scattering if radiation damping 
was taken into account in perturbation calculations of radiation theory. 

Thus it was found that a part of the above-mentioned difficulty arose 
because radiation damping had not been taken into account, and the state 
of affairs assumed a rather different aspect. Many previous calculations now 
became meaningless. Perturbation theory could no longer be used witout 
due precaution. For instance the method of Christy and Kusaka“” which 
attempts to determine the meson spin from the interaction between mesons 
and an electro-magnetic field would give according to Wilson,“ a value 
too much definite to be anticipated. 

In the perturbation theory of radiation, the difficulty of field theory 
does not present itself in the first term. It is well known that this occurs 
in the second term. The afore-mentioned difficulty which was removed by 
considering radiation damping is one relating to this first term, and the 
second term which involves self-energies still remains divergent. Thus the 
introduction of radiation damping seemed to have brought about success in 
cornering the difficulty to a certain extent. But in meson theory, the 
interaction is strong, and much doubt is to be entertained in a perturbation 
method where phenomena involving a single meson alone come into the 
first term. So a solution which lays more stress upon phenomena involving 
many mesons at once comes to be sought for. This was what Heisenberg 
previously considered in connection with his universal length relating to 
the theory of bursts, and a brilliant solution was achieved by Tomonaga.” 
As frequently extorted by Tomonaga, it is not sufficient merely to introduce 
damping in the calculations, as done by Heither and Wilson. ae the 
perturbation method becomes inavailable, this second and divergmg term 
must, of necessity, be touched. Tomonaga used Fock’s method and solved 
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the equation for a meson in configuration space. Making calculations by 


this method for the case of mesons scattered by heavy particles,“” it was 
found that self-energy played an important role in the case of scattering 
too. This takes the form, as anticipated, of a dispersion formula.* 

In this formula, a diverging self-energy enters as resonance energy. 
Also the radiation damping enters as the width of resonance. This seif- 
energy must be taken into consideration, as it becomes infinitely large. It 
is impossible in this calculation, to apply the subtraction method as in 
Dirac’s theory. On the other hand, if it is made finite by the method of 
“cut-off”, it acts as the energy deviation in the scattering process, and as 
the inertia of the proper field advocated by Heisenberg. This is directly 
connected with the scattering Cross-section for low-energy mesons, and 
improves the agreement with experiment. In this way, divergency problems 
related to self-energy called for solution, coming to the foreground enbloc in 
an, internally rearranged form. That is to say, it become a theme in hand 
to solve this problem of “ field and matter”. 

Various standpoints have hitherto been taken concerning the problem 
of matter and field. The usual method adopted in quantum mechanics is 
to treat matter and field equivalently, consider their respective equations of 
motion, and introduce a term expressing their interaction. This. has been 
done by Heisenberg and Pauli, and leads to the well-known divergence of 
self-energy. In this standpoint the interaction between two fields is con- 
sidered, and there is no differentiating which is matter and which is field. 
Only when one associates the rest-mass of one of the fields with its self- 
energy, does one regard that. field as matter, and the other, that causes 
self-energy from the interaction with the former, is regarded as field. 
This involves the divergence of self-energy, to cope with which a cutting- 
off or the artificial convergence factor is introduced, as done by Watagin®® 


* The scattering cross-section for charged vector mesons is 
ee 4 (2nl)4 28 Tt 4(7r/2¥ 
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where & is the momentum (4,, 45) 25) 29 the momentum of the incident meson, «=mc/é 
Be = 1 
Qn Yee 
This equation is a dispersion formula with resonance energy <' arf 
1/2=(2n/)* 4° its amplitude. 
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and -Scherzer™ in early stages. In either case the result is that something 
of the dimension of length is introduced in the interaction term, which 
leads us to anticipate a contacf with the question of the structure of 
elementary particles. Of course it is evident that this length is not of such 
a purely substantialistic nature as Lorentz’ electron radius, but it is also 
certain that it touches, in some sense or other, the question of structure. 

Now, as the logical structure of (quantum mechanics deals persistently 
with the existence probability of matter regarded as a point,-the logical 
structure of observation is so built up that it is impossible to take up 
separately into question the “left or right half” of matter regarded as 
having some sort of magnitude or other. In other words, quantization leads 
to the existence probability of particles regarded as geometrical points. 
Unless this framework is altered, it would be impossible to deal with the 
structure of elementary particles. Of course “ structure ’’ in this case is not 
merely a spatial, but a spatio-temporal structure, and is intimately connected 
with the laws of relativity. The above mentioned standpoint of the interac- 
tion of two fields cannot deal with such a spatio-temporal structure. In 
particular the magnitude of spin (angular momentum of rotation) has a 
quantum number 4 in objects regarded mainly as matter. 

This value } follows as the natural consequence of the group theory 
of spatial rotations, and though the operator representing angular momentum 
is incommutable with space co-ordinates when its quantum number js dipeaitt: 
is commutabie with space-time co-ordinates in this. case. Although spin 
does not, of course, signify any directly perceptible rotation of a body with 
extension, the spin } is, in this sense, to be associated only with the existence 
probability of an elementary particle, and not with its spatio-temporal 
structure. i 

Markov, in the theory of field quantization, postulated characteristic 
commutation-relations between the four-dimensional co-ordinates of the 


test-body employed to measure the field strength and the field quantities, 
gth corresponding to the radius of the test-body, 
Markov’s theory shows 
hanics 


introducing in them a len 
with some success over the divergence difficulty. 
that the mutual interaction type of treatment current in quantum mec 
is inapplicable to observations concerning the structure of elementary particles 
unless due modifications be made ; and also that when such observations 


are in question, the space-time co-ordinates no longer merely specify the 
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point of existence of matter, but possess organic inter-relations with field 
quantities, suggesting that the observation should be associated with ae 
structure of clementary particles. But his theory does not penetrate into 
the question of spin, and also the mode of observation is not radically re- 
established but simply inherited from quantum mechanics. 

Applying the method of Dirac, Fork and Podolsky’s™ ‘‘ many-time 
theory’, Wentzel®? has obtained the difference between retarded and ad- 
vanced fields by causing the test-body to approach the particle from a 
time-like direction, thus attaining some success in preventing the self-energy 
divergence. We learn, from papers which came to hand after the termina- 
tion al the war, that Dirac has adopted this method in the form of the 
j-limiting process, which is further developed by Pauli.“ Using this, and 
at the same time introducing negative probability and protons with negative 


difficulties. 


energy, Pauli has succeeded, at least formally, in removing all the divergence 


This is quite interesting from the consequential viewpoint, and especially 
noteworthy is the fact that certain divergences, which cannot be removed 
by either the A-limiting process or the introduction of negative probability 
and energy alone, vanish on a simultaneous application of both these methods. 
However, there is a possibility that tliis might considerably affect hitherto 
satisfactory results too; and also, the comparison with experiment of the 
results cleared of divergencies is still incomplete. So nothing can be said, 
as yet, even of the results themselves. Furthermore, the structure of the 
theory is not logically consistent but extremely artificial and ambiguous, 
and contains many paradoxes, so that it must be glossed by introducing 
diverse conditions. It is evidently necessary to make further quests into 
the inconsistencies of this theory. 

A radically new mode of measurement cannot be obtained by dealing 
with the existence.probabilities of point-particles. It is the complete measure- 
ment of field quantities within a certain space-time domain that must be 
dealt with. This is connected with the many-time theory, originating in 
Dirac,” and discussed by Yukawa,°” Tomonaga,” Watanabe® and Tani- 
kawa,® and verges upon an attempt to reestabli h the problem of measure- 
ment from a purely relativistic standpoint. But these trials stand little hope 
of further development as they possess no substantial content whatever. 

Next comes the monistic field theory, which treats both field and matter 
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with a single field equation, considering the singular points of the field as 
matter, and regarding matter as being perfectly derivable from the field 
equation. This was first done by Mie,“ followed by Born and Infeld,©” 
and then by Bopp.“ These must be said to be of perfectly substantialistic 
character. They are logically consistent, but too much emphasis is laid 
upon t e divergence difficulties, and though these may be solved, the theories 
are too far removed from other experimental facts and give an impression 
of awkwardness. It might be said in their defence that this is because they 
penetrate further into the intrinsic nature of things than do other theories. 
But there remains the next decisive contradiction that in monistic field 
theory the only field capable of admittance is a Bose field, and therefore 
no possible combination of this type of field avails in creating matter with 
spin 4 and obeying Fermi statistics. Herein lies the most essential difficulty 
of monistic field theory. To conquer this, a considerably different method 
of attack would be required. Another difficulty is that an equation of 
motion for the singular points expressing matter does not always follow as 
a matter of course. Also, for instance, if some special significance is at- 
tached to the charge current density in Bopps theory, it would mean making 
‘a great. departure from the standpoint of monistic field theory. This dif- 
ficulty is just the opposite of that arising in the quantum mechanical treat- 
ment by considering mutual interaction. In that case spins of the value 4 
and Fermi statistics could be introduced without any difficulty, but the 
structure of elementary particles did not come in, whereas in the case of 
-monistic field theory, the structure of elementary particles is first introduced, 
but spin 4 and Fermi statistics are shut out. It is here that we can perceive 


the fundamental inconsistency of concepts. 

Another problem confronting monistic field theory is the way in which 
to treat matter interacting with many kinds of fields Concerning this point 
studies are being made by the Nagoya University group under the direction 
of Dr. S. Sakata, and an interesting solution is already within sight in 
a different direction from monistic field theory; viz the mixed field theory. 

Nextly, quantization is a great difficulty in the case of monistic field 
theory. It is found that the ordinary procedure of quantization is alien and 
quite unfitting to this standpoint. To carry out quantization, it is believed 
that there is no alternative but to proceed from the above mentioned stand- 
point of complete measurements of field quantities within a certain space- 
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time domain. The peculiar method of quantization employed in Born’s first 
paper®” seems to be suggestive of pointing to the correct direction, though 
of course it is attended by serious matliematical difficulties. 

To recapitulate, monistic field theory must solve: the problems of: spin 
and statistics; equation of motion for the singular points; finding an ap- 
propriate method of quantization. 

We believe that it can be said from the above dialectic logical analysis 
that the conflict between the two fundamental concepts, matter and fieid is 
the contradiction in hand, which points out to us the direction in which we 
should proceed. 


Institute of Physical and Chemical Research, Tokyo. 
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§5.* Derivation of the Ordinary Formalism. 


We shall now show that the ordinary formalism of the quantum clectro- 
dynamics can be really derived from ours as the speciat case in which the 
surface C reduces into a plane parallel to the xye—plane. 

As was stated in I our fundamental equation (III) can be integrated 
by means of the unitary operator 7[C; C,] defined by 


TIC; Gl=M(1—-+ A,n(X)aVx).- (5-1) 
Co % 


- Namely, we obtain Y[C] by giving its “initial” value %[C,] in the form: 
P(C]=TIC; GI) FIG). (5 + 2) 
We shall now transform each field quantity G by means of 
GX a> TIC abel" GX) 21 CACy} (5 + 3) 


and let G[X; C] denote this transformed field. This field quantity depends, 
besides on x, y, ¢ and ¢, on the variable surface C. The transformation 
(5-3) induces also the transformation of the generalized ¢—-vector P[C]: 


P[C]>7[C; CG) F[C]=F[C]. (5 - 4) 


Then the transformed ¥ depends no longer on the surface C. In this way 
we obtain the “ Heisenberg picture” of the behavior of our system, in 


* §§ 1, 2, 3 and 4 have appeared in the forgoing issues of this journal: Progr. Theor. Phys; 
2 (1947), 101. 
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which the ¢-vector depends no longer on C, but the field quantities, on the 
other hand, depend on C, not only on 4 

Also in our generalized Heisenberg picture the dependence of the field 
quantities on x, y, # and ¢ are still given by the field equations (I) of the 
free fields. The dependences on C, on the other hand, are given by 


aC POS ; : 
Gi =F iP), 6% O (+5) 


as can be easily shown. 

Now, the ordinary Heisenberg scheme of our system is obtained if one 
takes the variable plane C; parallel to the xyz-plane whose intercept with 
the time axis is 7. If the field quantities in this ordinary scheme are 
denoted. by affixing the superscript 0, they are given by 


G(T, xyz)=Glt, xyz, Clen (5 - 6) 
The time derivative of G with respect to the “common time” 7 is 
then given by 


aA =f 821 GI acl 
ar 


Phe 
= a ++ [Aim rei , (9 + 7) 


If we denote by Div’, Curl’, etc. the differential operators in which 
the time differentiation is 0/87, and by Div, Curl, etc. those in which the 
time differentiation is 0/0¢, then we have the relations 


Div’ Gs {Div@——-[Ai,,n, Goll yen 
h Cc=Cy 


> ({Curl Ghraz, omc for the space component, 
Curl’G= P G 
{~g crad Gi eae +A, 1,1 Clh en for the time component. 
Cp 


(5 + 8) 


Applying these formulas to the potential A, noting that 4 is com- 


mutable with Fi, uw we obtain 
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Div’ d= {Div A}rer, o=cy (5 - 9) 


Curl’ 4= { Curl 4 }.=7, O=Cp- 
Using the last relation, we have next 
Div’ Curl’ 4=Div’ {Curl A} ger ; 
C=Cp 


but applying (5-8), this is expressed as 


= {Div Curl 4 + [fin (Curl A)e} ban 
C= 


Cp 
°o 


i i ee Pegg \)} 
= {Div CurlA +l Fin ( Sm Grad Aq } 1-7 


=Div Curl A+e(/) }er 
where the symbol (a2) means the four-vector whose time component vanishes 
and whose space component is a. If we notice further the formula 


Grad DivA=Div Curl4+DA, 
we find 


Div’ Curl’ A={Grad DivA—OA +e (/) bez 
But, since A. satisfies D4=0, this last relation yields 
Div’ Curl’ d={Grad Div A+e (/) ber (5-10) 
Now, the anxiliary condition (IV) requires, on the other hand, 
{Grad Div. A(P)-+e Grady { (J(P'), N(P)) D(P’ —P) dF yr} v=0. 
@ 


(5-11) 


Since the point P is here considered as lying on C, the integral can be 
carried out in the reference system whose space axes are tangent to C at 
PAs in this system (J(P’) N(P’}) can be replaced simply by —J5(P’), 
and Gradp D(P’—P) has the non-vanishing components a(x! —z) only in 
the 0-th direction, we obtain 


‘oN EGS AR | 
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Grad, | (JP), N(P) DWP~P) dP 
ce 
eater} for the time component 


(sif0 for the space cormponent. 
This gives, returning to the general reference system, 


Grade |(S(P), WP) D(P'—P) dF (IP), NEY N(E). 


é 
The auxiliary condition (9-11) is thus expressed in 
{Grad Div A(/)+¢e(J(P), N(P)) N(P)} ¥=0, 
which for C=Cy reduces into 
{Grad DivA—e>/ <j ¥ =0 (5 - 12) 


where the symbol }a,{ means the four-vector whose space Component is 
zero and whose time component is &,. 

We find in this way that, operated on ¥, Grad Div A on the right- 
hand side of (5-10) can be replaced by ¢) /){, and this gives 


{Div’ Curl A—eJ'} ¥ =0 (5 - 13) 
the vectors ¢ Ue, and } f,{ making up the four-vector J. 
The last equation (5-13) corresponds just to the half set of the ordiary 
Maxwell equation: 


3 R: 5 
bc OT 
curl W’--——-=« 
Va 


oO 


div =p : 


The remaining set of equations 
> aH 
curl B+ =0 
aL 


Aislin 
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is trivial, since, expressed in terms of the potential, this is 


" Grad’ Curl! A=) ; 


cycl 


which is satisfied identically. (3) means cyclic sum) 
cycl 


§6. Elimination of the Auxiliary Condition. 


We now carry out the elimination of the auxiliary condition by the 


method described in A. 
First we expand the operator 4x[C] into the Fourier integral of the 


form : 


ty 


a | {i E(B) g(ks®) 4. 3 +(2) oik, | ak 


oe ant k 


S(2)=i[k,A(2)|— (J(P), N(P)) eo" *") dF p 


7 (Qn rool an 


ee, 


“= —i[k, At(é)]+-5 Saar <r |) W(P)) & **) oF, . 


| 
(6 - 1) 
As stated in A, we introduce the following four sets of coordinates 
and momenta” 


R=(", 4) RY=(", At) 
S=(s, A) S*+=(s, A*) 
: J (6 - 2) 
K=(l, A*) K*=—(k, A) 
L=(l, A) L'=(k, A*) 
where 7, 8 and J are three four-vectors satisfying the relations 
(7, Y)=(8; s)=1, (0, t)=0 
(r, 8)=0, (r, k)=(s, k)=0 (6 - 8) 


(r, D=(s, 2) =0, 


The vector & satisfys, of course, (K, &)=0, because it is the propagation 


vector of the electromagnetic wave. 


(t, k)=1: 


(3) S. Hayakawa Y. Miyamoto and S. Tumonaga: J. Phys. Soc. Japan in press. 
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It is easily verified that, on account of (6-3), the commutation relations 
now take the following forms : 
[R@}, B@=[SH, SO] 
=[KO, K@)=L@), L@)=+ BaG-#),/ 6-9 
other commutators=0 


which show that our sets (6-2) represent really four canonically conjugate 
sets. 


In terms of these variables the auxiliary condition is expressed by 
‘ =) es 
(K++) 9 =0 


6. 
(z+-4)9=0 pe 


in which f stands for 


9. / . 
Popeye | FP, N(P!)) ei De”) dip, , (6°. 6) 
and /* is its conjugate complex quantity. 

We introduce now the representation in which &, S, K and Z are 
diagonal. Then the ¢-vector ¥ is represented by a functional of A, 5, A; 
Z and some variables describing the electron field. The auxiliary condition 
(6-5) in this representation takes the form: 


eet ers 2 
elt: GTM? A. \ =a) 
5 Pag a) 


hk 8 * oe 
ae tll Eee decease =0 
ay Ee ye 
which can be satisfied identically by 
P= e% 2 
a 6 - 8) 
dk ( 
with 1= ——-| op -K) 


@ being a functional not containing K and L. 
It is now required to find the generalized Schrédinger equation for 2. 
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“4 ' r) 
We substitute thus (6-8) into (IID), and calculate (%, pee Ta Vero. 


Cp 
Noting 
AG) =i [LAME OA (fe Hoe) | 
(6 - 9) 
A(h)=Rr+ $8+Llk—Keb 
At(=R+ Si8s+Kk+L't, 
we decompose A(X) into tivee parts > 
A(X)=A CX) + ALY) + BX) 
with Ay X= | (Le + Ke Ks 5) _ aS 
(22)** 
A(X) = ag |U(— KAO) + Lee ~hiey) EE 
(Zit 7)? 
yy awe i(k, 0), p+,—ilhe) GR 
gli frenetic tenn 
1 Hee % -i k, ak 
bogie festa ste oh 2 
(6-10) 


As discussed in A, two components A, and 4, in (6-10) are to be re- 
garded as describing the generalized longitudinal components, while B the 
generalized transverse component of the field. The energy Wy y=—e(J, A) 
is divided also into three parts corresponding to the above decomposition 
of the field: 


mane” 


with =—e(J, A, 
) (6-11) 
iA i— —e(S, A,) 
Hy=—e(J, B). } 
We calculate now successively H,e*%2, Hye*2 and ie e*2 in the 


following way: Cp 


a 
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od 


(i) The calculation of H,(P)e*2. 

According to (6-10) and (6-11), 4, contains neither K+ nor Lt. 
Further, the current density J(P) in A, commutes with the expression 
(J(P"}, N(P"’)) in f as can be shown by carrying out the integration in f 
in the reference system whose space axes are tangent to C at P. These 
two facts result in that A¥,(?) commutes with é*, so that we have 


H,eQ=0H,2. (6-12) 


(ii) The calculation of ,(P)e*2. 


pel (® w) é pe i(kir) 8 nas 0 
Heg———%h nde mas »){* Jett eet eat = 
pile) gx pot) gx) gb 
= x iG Agere ES BF) xt PUDEN, 2 
x aie dias AN a ba OK 5} at Pp 
shee (ko) oe) ab 
= € ya e* Jiz)+ é : pe} 
=- #5 [oe Ww) zy (TP), ME) [we—2e 


pe ih ee—ae’)) gH Q 


If we put 


cap il Z 1 fet) ie), ae 6-13 
L(x)= Te [e@ te +e } Eo? ( ) 
we: have, therefore, 


Hct Qa — ee \ (J(P) L(P—P’) (JP), N(P2)) dF 9 (6-14) 
3 


% 
Bos : peta 
(iii) The calculation o ; 


We have first 


206 7, Kona, T. Tati and S. TOMONAGA. 


But we have 


& ox 


sd é 7/ pr 7(k, / 
77 oC. =a) oC EBT) W(P')) EU) dF pr 


A [x@ ae 8 {oe (PY) oP) dE pr. 
kR OC), 


Cc 
If one uses here (3-7), we obtain 


4m al 
nO 


L(é) Div (J(P) ree) 
—i(k, Zp) 
Pipe aya —eg |KO) Div(J(P) e esas 


(Ke, Wy) die 
k 


= aa axfag (TWP) KLE 


= aay ag |). k) Kia) eh dey) Ge 


=e(J(P), A(P))=—Fe- (6-15) 


Now summing up the results (i), (ii), and (iii), we obtain 


f ao 
He CP \ eee h é 
(HialP) +e) E (4 (P)+H(P)+Ha(P)+4 5) eo 


=0(H,(P)+ eG(e)+4 Q (6-16) 
P 


where G(P) is defined by 


G(P)=—[((P), L@-P) IP), MP) da. 6-1) 


Multiplying (6-16) by e-* from the left we obtain the required equation 


for 2: 


4 }2=0 (6-18) 


{Hs (P)+e FoR 


‘i 


‘ovr 
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in which the longitudinal parts of the field appear no longer, while it 
contains, on the other hand, the term eG(P), which, according to (6-17), 


represents the effect on the electron field at the point P of the electron 
field at other points P’. 


§7. Concluding Remarks. 


We have thus shown that it is in fact possible to describe the behavior 
of the electromagnetic field interacting with electrons in a perfectly rela- 
tivistic form according to our general scheme developed in I. But if we 
wish to apply similar methods to more general cases, for instance, to the 
cases of the meson field interacting with the electromagnetic field or the 
nucleon field, some generalization is necessary. In fact, in the case of the 
quantum electrodynamics the situation is exceptionally simple owing to the 
following two facts: (i) the interaction energy density H;,,(P) is a scalar 
function of the fields and (ii) the integrability condition [4;,n(P), H1,n(P’)|=0 
is satisfied from the beginning. These simplifying facts do no longer hold 
in the more general cases mentioned above. 

However, if some generalization of the formalism is made, it is possible 
to develop the similar theory also in these more complicated cases as will 
be shown in the later paper.” The development of such a theory scems to 
us of interest, not only because we obtain thus formally more satisfactory 
theory, but also because in this way we can hope that some new aspects 
of the difficulties underlying the current quantum theory of the fields would 
reveal itself, Thus, for instance, the question arises: what bearing would 
have the so-called cut-off hypothesis on our theory? 

In fact, Heisenberg® has thought that 4,,,d/ in the transformation 


functional il (1-—H,,naV) might be the suspicious element of the cur- 
Co 


rent theory. Miyazima” has once noticed that, although our theory seems 
at first sight to allow the introduction of a relativistically invariant cut-off 
process, taking as “7, n(P) not the energy density just at the world point 
P but some averrage over a finite world region surrounding 7, such a 


th i a a 
(4) S. Kanesawa and S. Tomonaga: Progr. Theor. Phys. in press. 
(5) W. Heisenberg: ZS. Phys., 110 (1938), 251. 

(6) T. Miyazima: Riken Ihd (Bull. I-P.C.R.), 25 (1944), 27. 
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procedure breaks necessarily the condition of integrability of the fundamental 
equation (III). Also it will be of great interest to examine Dirac’s 4~process™ 
in the light of our theory. This process will be certainly incompatible with 
the integrability condition of the fundamental! equation. In such a situation 
we must ask: is it possible to get over this difficully by some modification 
of the theory? Or, should we attribute physica! ineanings to the non- 
integrable ¥? It is also possible that the defect of the current theory is 
more deeplying so that the formal feature of our theory will be maintained 
still in the future theory. 
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On the Theory of Elementary Particles. 1.* 


Hideki Yur awa. 
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§1. Introduction, 


In the present theory of elementary particles, it is usual to start from 
the quantized field, which is equivalent to the assembly of indefinite number 
of one sort of elementary particles. The field which should be quantized 
is sometimes the one wellknown in classical theory as in the case of the 
electromagnetic field, but it may have sometimes no direct counterpart in 
classical theory as in the case of the electron field, which appears first in 
quantum mechanics as the wave function or the probability amplitude. 
Hitherto it has been regarded as one of the greatest success of relativistic 
quantum mechanics that the two things, i.e. the material particle and the field 
of force, which had been entirely different from each other in classical theory 
as well as in nonrelativistic quantum mechanics, could be coordinated by 
the method of second quantization. If, however, we want to go into the 
problem of interaction between two sorts of elementary particles, we find 
at once the essential difference still remaining between field and matter. 
For instance, we consider usually the interaction between two electrons as 
due to intermediary action of the electromagnetic field instead of direct in- 
teraction at distance. In this very assumption of the coexistence of the 
field around the point particle lies the origin of the wellknown difficulties 
of the present theory. Although recent development of the meson theory 
of nuclear forces seems to have made the situation more complicated because 
of the fact that the meson. has been considered to be something with the 


‘dual nature, one of the main causes of newly added diffiulties can still be 


ascribed to the point interaction between the nucleon and the meson field. 
Under these circumstances we can follow either of two ways of revision and 


* The content of this paper was read before the meetings of the Physical Society of Japan 
held at Kyoto University, Nov. 23, 1946 and at Nagoya University, March 1, 1947. 
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completion of the present theory of elementary particles. Namely, we can 
either pass over the difference between matter and field and devote our- 
selves tq the establishment of the new scheme which may be applied to 
any kind of elementary particles, or: we can first turn our attention to the 
difference of role played by field and matter and try to find the specified 
method of quantization appropriate for each of them, before we go into 
the construction of the general theory. Of course we cannot strictly dis- 
tinguish between these two ways, but they are always mingled with each 
other in actual investigation. Nevertheless most of attempts hitherto made 
seem to lay stress on the revision of the method of quantization common 
to all sorts of elementary particles. In this paper, the author want to 
foltow. the latter way of discriminating field and matter in the begining. 
Thus we can show that a natural extention of the field concept, which has 
been so useful in physics for many years since, leads to a generalized mixed 
field theory, and further to a suggestion for the new method of quantiza- 
tion of the material field. 


§2. An Extension of the Mixed Field Theory. 


It is one of the well-established facts that the charged particle of spin 
1/2 such as the electron or the proton has the neutral partner such as the 
neutrino or the neutron and various nuclear phenomena can be interpreted 
more easily by assuming the transition between charged and neutral states 
of an elementary particle such as the light particle or the nucleon than by 
consipering the charged and the neutral particles as entirely different enti- 
ties. Thus, if we neglect the mass difference between charged and neutral 
states and assume for any one of such particles Dirac’s wave equation of 
the form 


3 
m —— 
(Say Apt Bre) =O (1) 
in vacuum, where 7 is the rest mass and 


a=1, Oy = YF;, gp = 190, 4g = 193, B=py, (2) 


t Detailed criticism of the concepts of field and matter in connection with the mixed field. 
theory was also made by Sakata(!) and Taketani@), 
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Hal, M=X, MY, Wy=L (3) 
SO 
pea (2=0, 1, 2, 3) (4) 


the wave function ¢, becomes a function of 2, and a3, ps as well as Zu, 
where t,, T2, T; are isotopic spin variables, t,=-+1 denoting neutral and 
charged states respectively. In the presence of other particles, it is usual 
to modify the operator in the wave equation by adding the term characteriz- 
ing the interaction of the original particle with other particles. The most 
general form of this interaction term can be expressed as a certain function 
of all the variables for the original particle as well as those for the field 
originated by other particles. Such an operator can, however, be reduced 
always to a sum of linear functions of o’s and p’s as well as of t’s, so 
that the wave equation’takes the form 


(Say p+ Brne+ V)¢=0 (5) 
p=0 
with 
3 
F205 Prpty Vas (6) 
A,B, v=0 


where (=o)=T)=1 and each of 64 coefficients Vy», is a function of the 
particle variables x, and #, and of the field variables. (6) can alternatively 
be written in the form 


V= (t+ %t2) p> PrFpV$2.+ (t1— 172) pa Pro uV RR 
od > 
a (to + Ts) ya PrFp VQ. a (t— Ts) > Pron VY ’ (7) 
7 , 


in which the charged and the neutral fields are included as the first two 
term and the last two terms respectively. Each of these four terms can_ 
further be decomposed into scalar, vector, pseudoscalar and pseudovector 
fields in the usual manner, so that we arrive at the most general form of 
the mixed fields containing 16 sorts on the whole. 

An obvious departure of this theory from the ordimary field theory is 
that the field in our case is not necessarily a function of +, alone, but may 
depend on #, also. Such an extension of the field concept vas already 
attempted by Markow® in the case of the electromagnetic field in order to 
take into account the finite extent of the electron. In our theory such a 
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sort of electromagnetic field can naturally be included in the last term of 
the expression (6) for 7, other terms being interpreted as generalized meson 
fields of various types. It should be noticed, however, that the generalized 
field can include not only the electromagnetic field and various types of 
meson fields, but also the so-called pair fields such as the meson pair field 
and the electron-neutrino field. Therewith the distinction between the field 
theory in the narrow sense and the theory of action at distance such as 
proposed recently by Wheeler® becomes much more obscure. 


$3. Equations for the Generalized Field. 


In order to find the relations which exist between x,, 2, and V’s as 
the extension of the field equations, we consider first the simplest case of 
the electromagnetic field. In ordinary theory, the electromagnetic potentials 
A, are certain functions of +, alone, so that they can be represented in g- 
space by matrices of the form 


(A. | Ay | Dall) = Onkyo femie’e0 lB A, (ay!) 0 (ay — x4! )etntent 
x (dx y!)" (day!) (20h) fe femtmn’a 4 A, (24!) (de y’)* (8) 
and conversely we have 
A, (ay!) = Sof Dy" | Ar! | Dy! )etmn’r wl? (dy!) 4, (9) 


where 


Ty! = py — py". (10) 


Now we take into account another well-established act that the tran- 
sition of an elementary particle from one charged state to another is ac- 
companied by the emission or absorption of a photon with the rest mass 
zero, the energy and the momentum satisfying the conservation laws. In 
other words the electromagnetic field in vacuum, when quantized, should be 


equivalent to an assembly of photons, so that the matrices (4,’| A,’ | 2,’) 
have the form 


(pul | Ay | Pull) =A, (ryt) 3 (athe) (11) 


where 


tar * § £ 


yee NY 
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xin a — (mi) + (m/e ee? (12) 


We can extend the expression (11) without missing the expectation that 
the generalized electromagnetic field in vacuum will still represent in some 
way an assembly of photons, when it is quantized. We assume namely a 
more general form ; 


(p,’ | A, Pr) 7 Cp, | A,’ | Pal’) O(x,/2*") (13) 


where the matrix elements (#,'!A,’{,’") are not necessarily functions of 
m,* alone, corresponding to the situation that the potentials A, are not 
functions of x, alone. 
Alternatively we may start from the D’Alembertian fo~ the ordinary 
electremagnetic potential 
eo 3" rib 
[]A = at Ege 


— az 


+ Pan) st (14) 
instead of the expression (9). In p-space, the equations (14) are represented 
in the form 

foe §e—ia’xa/AX (A, (274) peteaxa/? (dz./)t=0 (15) 
or 

fo-femHlan’—palan 18 (py! py") (PH — 08") Ay (aes!) (den'y" 
= (pr! |pu(P"A,— AP") As!” — (Ai! (0A, AP) Pen") =, (16) 
which is equivalent to the operator equations 
3 Law (et, A]]=0. (17) 


Now, if we assume the potential operators A, for the generalized electro- 
magnetic field in vacuum to satisfy the equations of the same form (17), 
the generalized potential will be given by the expression (13), Further, if 
we define the generalized electromagnetic field tensor by 


— HF ,,=[Pus A,|—[A) A,|; (18) 
we obtain operator equations of the Maxwell type 
to", F,,]=9, (19) 
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provided that the generalized Lorentz condition 


[p", A,]J=0. (20) 


-holds for Aun. 


Above considerations can be extended easily to the case of the fleld, 
which is accompanied by particles of finite rest mass #. In the case of the 
vector field, for example, the field equations in vaccum can be transformed 
to simultaneous operator equations 


[Pes A,|—|[A, A,|=—tPy 
[Pus Fy |= —icA,, (21) 


where A,, F,, are four and six vector operators respectively. 


$4. A Suggestion for the Quantization of Generalized Field. 


In the ordinary theory, field equations in the presence of source parti- 
cles are obtained by adding, for example, 47% times a four vector sy re- 
presenting the charge and current densities of the particles to the right 
hand side of (19). In order to quantize the system consisting of the field 
and the particles, it is usual to consider the field variables A,(+,), Fu.(*,) 
as operators satisfying appropriate commutation relation: between each pair 
of them and also to consider the wave function ¢ and its complex con- 
jugate ¢ as operators satisfying commutation relations of Fermi-Dirac type, 
whereas the charge and current densities are expressed by a four vector 


operator 


Sy= ea, . (22) 


Now in the case of the generalized field theory, the left hand side of 
(19) is no more diagonal in x-space, so that the four vector on the right 
hand side should take instead of (22) a more general form 


(ay! | Sy | 45) = —eh( ay" aya’). (23) 


It is interesting to recollect that Heisenberg™ introduced such a sort of 
density operator as the quantized form for Dirac’s density matrix in the 


‘theory of the positron. In this connection, it should be noticed that there 


or 
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occurs in nature no process, in which only one parlicle with spin 1/2 such 
as a nucleon is created or annihilated, but always a pair of such particles 
is created or annihilated simultaneously. Thus the operators ¢, ¢ have by 
themselves no direct correspondence with the natural processes, so that it 
seems more appropriate to adopt a formalism, in which only bilinear com- 
binations of ¢, ¢ sucn as (23) appear. Detailed accounts as to actual 
method of quantization on these lines, however, will be given in part II 


of this paper. 


Physics Department, Kyoto University. 
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Correction due to the Reaction of 
“‘ Cohesive Force Field”’ for 
the Elastic Scattering 
of an Electron. 


Recently Sakata and Hara!) introduced a 
scalar neutral cohesive force field (the: so- 
called C-meson field) which is assumed to 
interact with charged particles, and by im- 
posing a relation 

fiat (1) 
on the coupling constants ¢, f of the latters 
with electromagnetic’ and cohesive field re- 
spectively, they succeeded in obtaining a non- 
diverging value for the self-energy of an 
electron and also suggested a possibility of 
explaining the mass differerice between proton 
and neutron. 

Thus it will be worth while to examine 
whether or not this promising theory is able 
to eliminate other divergencies in the quantum 
electrodynamics, at least those appearing in 
the same approximat on. We have taken up 
as a simple example the elastic scattering of 
an electron and estimated the effect of field 
reactions on this phesomena. 

A perturbation calculation has been carr ed 
out on a similar line as Dancoff?) np to the 
ord r of ¢? and.7%, all the relativistic effects 
being thereby takcn into account. The result 


Gaye (Pg)? 
a 18n A+ (pq)tne 


x \ oh +finite terms (32) 


(14:29 £2) 


72 
where gj is the umcorrected cross-section of 
the elastic scattering, d¢ its correction due to 
the field reactions, and qg the momentum 
of the incident and the scattered electron 
respectively, E the energy and m the rest 
mass of the electron. It is seen that, in this 
case also, the divergencies due to both fields 
have the same form with different ‘signs, 50 


that it is possible that the infinities cancel 
out if the coupling constants have suitable 
values. For this, however, the relation 


fim ome (3) 


is required which does not agree with (1). 
In the above calculation we have assumed 
that the scattering potential is the fourth 
component of a four vector. Now the fun- 
damental idea of the cohesive force theory 
is that the electromagnetic field is always 
accompanied by the C-meson field, so that it 


_will be more consistent to introduce a scat- 


tering potential of the four-vector type.* 
But the inclusion of such a potential makes 
the result more unsatisfactory + the condition 
which must be imposed on. the coupling con- 
stants so ss to bring a convergent result must 
be different fur different values uf the mo- 
menta of the initial and the amal state of 
the electron. 

It may be remarked that the divergence 
of the scattering processes by the polarization 


charge and durrent of the vacuum, which . 


the existence of the scattering potential in- 
duces, have been subtracted (otherwise the 
result would have been still worse). But 
such a procedure is always shadowed by the 
ambiguity of the existing positron theory, the 
theory of “C-meson” giving no unique pre- 
scription at this point. 

Summing up these considerations, it may 
not be too presumptious to conclude: The 
present formalism of the “cohesive force 
field” theory is not sufficient to eliminate all 
the difficulties of the quantum electrodynamics. 

A fuller account will appear in a later 
issue of this journal. 


D. Ivo, Z. Kosa and S, TOMONAGA. 


Physics Institute, Tokyo Uuiversity and 
Tokyo Bunrika Daigaku. 
Nov. 1, 1947 
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Errata to the Above Letter. 


In a previous letter we have reported that, ~ 


when the reactions of electromagnetic field 
as well as cohesive force field (C-meson field 
introduced by Sakata and Hara!) are simul- 
taneously taken into account, the correction to 
the cross-section of the elastic scattering of 
an electron by a fixed electrostatic potential 
turns out 

bo (p—q)* 

09 lan E°{E*+ (pq) +m} 

oO 


> (i427) (AP (1) 


(as to the notations refer to the previous let- 
ter), and, therefore, the condition 
fiaoe (2) 

imposed on the coupling constants in order 
to make the self-energy of an ele:tron finile 
cannot eliminate the divergence appearing in 
(1). We have thus concluded that the pre- 
sent formalism of the C-meson theory might 
be still insufficient —. 

But in re-examining our calculation, we 
found processes which had not been considered 
so far, the contribution of which alter the 
situation completely. A process which had 
been missed in our calculation (as well as in 
the similar calculation of Dancoff2)) was, for 
instance, the following one: in the interme- 
diate state there appears, besides the incident 
electron p a virtual pair q and (—q@* (+ 
means a positron) which has been created 
through the Coulomb interaction of a ¥acu- 
um electron upon itself (the matrix. element 
for this process being infinity); the scatter- 
ing potential! annikilates then the pair p and 


(—q)+, so that the fmal state with the scat- 
tered electron g is attained. (In Dancoff’s 
paper?) and our letter the corresponding 
processes through emission and re-absorbtion 
of a transverse photon alone had been taken 
into account and had yielded the fatal diver- 
gence). This new process, together with a 
similar one, contributes to the cross sections as 
66 _ etm? (p—q?* ¢ dk 
Sao eX \: 8) 
oe 3x E={L*+ (pq) +*} { k 

When this term is added to (1), the total 
dorrection does really converge if the coupl- 
ing constants satisfy the relation (2). The 
same situation occurs also when the sattering 
potential is a wor'd scaiar. 

Our conclusion must be, therefore, altered 
into the following: Zhe theory of cohesive 
force fields effective also to etiminate the diver- 
gence difficulty appearing in the scattering pro- 
blem in the second order approximation. The 
divergence due to the vacuum polarization effects, 
however, cannot be eliminated by introducing this 
new field. At this point we must resort to the 
subtraction hypothesis of the positron theory. 

A fuller account of our corrected cajcula- 
tion will appear in a la er issue of this jour- 
nal. The comparison of this result with that 
obtained by the “self-consistent ” subtraction 
method recentry proposed by one of us® is 
discussed elsewhere.*) Other related problems 
are now being investigated. 


D. Ivo, Z. Kosa and S, ToMONAGA 


Physics Institutes, Tyoto University 
and. Tokyo Bunrika Daigaku. 
Dec, 30, 1947. 
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Application of the ‘sSelf-Consistent”’ 
Subtraction Method to the Elastic 
Scattering of an Electron 


The experimental evidence of the level shift 
of hydrogen atom!) and its theoretical ex- 
planation by Bethe*) have thrown a new light 
upon the problem concerning the reaction of 
the electromagnetic field. One of us has 
proposed in connection with it a “ self-con- 
sistent * subtraction method3) The Hamilton 
function describing the electromagnetic and 
electronic fields in interaction 


H= Hejectron+ Aradiation + interaction (1) 


is re-written in the form 


H=( Aerectrout 67 { b* Bdv) + Aradiation 
+ (Ainieraction— 0% j g* Body) (2) 


where ém is taken in such a way thot the 
mass correction of an electron due to the 
perturbation vanishes when one _ regards 
(Heecteou+ dou\ o* Bide) as describing free 
electri ns, while in the perturbation energy is 
included an additional term (—am| o*Bpde). 
Jt is clear that for this purpose we should 
put for dm the electromagnetic mass correc- 
tion in the ordinary sence ;# 


co 
Bie? ¢ dk 2 
ém= = as ; (3) 
but with the re-inierpretation of m standing 
on the right-hand side: in this # the mass 
correction is already included, because we 
have added the corresponding term in the 
Ifamiltomian for the free electron, regarding 
that the observed mass is just of this cor- 
rected value. 

Now let us consider the elastic scattering 
of an electron by a fixed electrostatic poten- 
tial. Once Dancoff®) calculated the correction 
to the cross-section for this process due to the 
reaction of the electromagnetic field and his 
result has been recently rectified by our more 
detailed consideration into 


i=] 


B Lora aaa Soe! ue ANS (4) 
6) enh? £yt+ (pq)tnes & 
(as to notations refer to our previous letters). 

Ilere we apply our new interaction Hamil- 
tonian (Ziatecaction— 2” | O*B4d0) to this 
problem. Then the “‘counter-self-energy ” 
term (—an| or Bode) gives rise to an ad- 
ditional correction, which just cancels the 
divergence in (4) of the previous result and 
thus one can expect a reasonable value for 
the total correction.” 

As was reported lately, 2 finite but per- 
haps slitely different value is obtained on the 
C-meson hypothesis. This is due to the fact 
that, in the case of C-mesonic field alone in- 
teraction with electron, the divergence is also 
eliminated by the contribution of the counter- 
self-energy term. Such a situation indicates 
an intimate inner relation to exist between 
the reaction effects in two cases: self-energy 
on one hand and correction to the elastic 
scattering process on the other. This point 
will be more clarified by the relativistic treat- 
ment of the self-consistent subtraction proce- 
dure in the super-many-time®)-9 formulation. 

The similar treatment of the vacuum polani- 
zation effect and other related problems are 
now being investigated. A fuller account 
will appear in a later issue of this journal. 


Z. Kosa and S. ToMONAGA. 


Physics Institutes, Tokyo University 
and Tokyo Bunrika Daigaku. 
Dec. 30, 1947. 
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Letters to 


The Supplementary Note to the 
Generelized Transformation 
Fuction* 


Recentry Dirac!) has shown that an analo- 
gy between the classical and quantum contact 
transformation is established by defining a 
general function of non-commuting observables. 
Dirac’s defintion however is too formal, it 
seems to be doubtfull whether or not really 
there exists such generel functions of non- 
commuting observables except when the ob- 
servables are well-ordered. 

In this note, we show that, according to 
the theory of the generalized transformation 
operator (g.t:o.) which was presented by. the 
author,)the general functions of non-commut- 
ing observables are really defined and the 
same analogy between classical and quantum 
mechanics as Dirac is obtained. The g. t. o. 


is detned by 
L(g7' qt!) =Myy! D( T—2) My’; 
Drs) =exn{—SH-(7-} A) 


where A/y:’ and M77’ denote the observation- 
operators belonging to such observations that 
we obtain the result g:’ and g7’ when a ob- 
servation of g are made at tume ¢ and 7, res- 
pectivery, His the Hamiltonian of the system. 
Corresponding to the g.t.f., here we define a 
"generalized momentum operator (g.m.o.) 


P; (yr Qt’) = M7 D( T—t) P:Mq;/ (2) 
and 
Prlgelql) =Myl PD F—O).My! (3) 


where 7’s are conjugate momenta to 9's. 
Now, the mixed representation of Pr 


(ye | Pri gl) = Dod | Prt!) 
eg 
x (yr? | D(L—2)| 92’) =, 
x (gr | D(T—-1)\ 9) 
= (Wit 2 Tara! is 


then we obtanin 
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Pp (yr'y) = Ten’), (4) 
similarlly 
P, (92 9’) = Tu'n!)- (5) 


Thus we see that the g.t.o. 7'(y7/ye’) corres- 
ponds to the generating function of classical 
contact transformation. 

In the case when 7(gy7/q;/) vanishes. for 
some values of .y;’ and gy’, we can couse 
the functions of y’ and yp’, fi(yr’ye’) @=4, 
2,--.2) which vanish everywhere except where 
7(g7/qi’) vanishes, and then 

Fi gr’ qe’) =f (92/Q1’) Tgr'gs’) =0 


(t=1, %,...2) (6) 


everywhere, the equations (6) give the ad- 
ditional conditions of the observables g, and 
Ge 

We can again set up an analogy with the 
classical contact transformation 


Pr (gr Te) Si ae 
“alt als (yr’ye") 
Se itt tia 
se “io Dgetgh) 


sai 


Our theory now anatlbs us to set up the 
general function of non-commuting observables 
which fall into the order of the times to which 
they. refer, for example, g7, y,, 7 >* We 
may define the general function of y7, 4, as 


F(ge'g’) =fyr'4e’) Mary!) — 8) 


a function of the eigen- 


(7) 
Pe(gr’ye 


OF, (gr/q’ 
0g’ 


where /(yy'’g¢’) is 
values gp’ and qj’. ? 
to the cases of more ob- 
and in which gr and 9g. 


A generalization 
sérvables than two 
are different observables is straightfoward, 
namely 

Fig’tn, gtn—1; sary qtas 9’ ts) 
=f(qtn, Qtn=y -«+5 J tas g/t) 
x L(g tns WM lnmty + Q’tus 9’tx) (9) 
4Af4< ae fn-1 < tn 
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Tita ftn—r- Peat) 
=Aljltyn D (tn —2n-1) Mf by=1-+ 
My! 20 (to—-4y) My’ (10) 
In conclusion we wish to express our Cor 
dial thanks to Prof. 11, Yukawa and Prof. S 
Sakata for their kind interest in this work. 


Y. TANIKAWA 


Institute of Theoretical Physics, 
Nagoya University. 
May 15, 1947. 
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On the Cosmic-Ray Meson and 
the Nuciear Meson 


It seems to be believed that there are several 
quantitative discrepancies between the proper- 
ties of the cosmic-ray meson observed jn cos- 
mic-ray experiments and those of the nuclear 
meson predicted in Yakawa’s theory. These 
contradictions have not been fully solved 
until now, in spite of many theoretical efforts. 

In April, 1942, the present author put 
foward the hypothesis that the cosmic-ray 
meson is not directly related to the nuclear 
meson, but is produced from the decay of the 
nuclear mes»n whose properties are given by 
VYukawa’s orginal theory, and the former is 
2, scalar Bose particle.) After a short time, 
Sakata adopted another alternative that the 
cosmic-ray meson shouid be distinguished from 
the nuclear ane on the same lines, but it is 
a Fermi particle of spin one-half.) 

At that earlier time, there being no clear 
experimental evidence favorable fur our hy- 
pothesis, the theory was not fully developed. 
Recently, in connection with the experiments 
on flu: negative meson capture by the Rome 
Group,@! hypothesis similar to ours which 


distinguish between the cosmic-ray and the 
nuclear meson. have been put forward by 
American authors.) These differ from one 
another only in the particular combination 
of the two sorts of mesons. The combina- 
tion is formed of Fermi or Bose pariicles for 
the cosmic-ray and the nuclear nreson respec- 
tively. But the unique selection between these 
combinations can not yet be decided from 
the present available experiments. Our hypo- 
thesis also seems to be worth presenting here 
again. If we denote the nuclear meson and 
the cosmic-ray meson by Y and Af respecti 
vely, the simplest interaction between charged 
V+ and AZ+ is given by 
yt 2 M+ (1) 


which is similar to that between the different 
components of Dirac’s electron, and whose in- 
teraction magnitude is given bya dimension- 
less constant 7. The vector nuclear meson 

+ can disintegrate into the scalar cosmic- 
ray meson A/+ and a photon, if the mass of 


the former is largar than that of the latter: 
Yti— Mt+y (2) 


The decay formula is given as follows: 


tse Vee 


where g is the nuclear meson mass, f(x) is 
a rather complicated function of the mass 


ratio x of the two mesons. If we put =, 
a 


7=10-8 we obtain 
Tt) = 10-5 second. (4) ©) 


The interaction between Jf and the nuclecn 
can take place through a virtual transforma- 
tion of JZ anto Y, even if a direct interaction 
between them is not assumed. As 7 is very 
small, the interaction of J/ with the nucleon 
is also small. The A-orbital J/~ capture 
therefore is smaller by o factor 106~)* than 
the corresponding Y~-capture. This value is 
compatible with the Rome group experiments. 
if we assume a direct interaction between AZ 
and the tucleon, the magnitude must be of 


=a: 
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the same oruer as that of the interaction Jf 
with the light particles which will be given 
by the natural decay of AZ- into electron- 
neutrino observed in the cosmic ray.(6) 

The tetailed account in a slightly more 
enlarged form than the original one will be 
given as soon as possible in a later issue of 
this journal. 


Y. TANIKAWA 


Institute of Theoretica] Physics, 
Nagoya University. 
Nov. 24, 1947. 
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